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1 Introduction 

In the last few years there has been a quiet revolution in the local theory of current- algebraic 
orbifolds. Building on the discovery of orbifold affine algebras 0121 hi the cyclic permutation 
orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of 
any current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal 
field theory [6-12] with a discrete symmetry group H. The construction treats all current- 
algebraic orbifolds at the same time, using the method of eigenfields and the principle of 
local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The 
orbifold results are expressed in terms of a set of twisted tensors or duality transformations, 
which are discrete Fourier transforms constructed from the eigendata of the H- eigenvalue 
problem. 

More recently, the special case of the WZW orbifolds 

^p-, HcAut(g) (1.1) 

was worked out in further detail [13-16], introducing the extended H -eigenvalue problem 
and the linkage relation to include the twisted affine primary fields, the twisted vertex 
operator equations and the twisted KZ equations of the WZW orbifolds. Ref. (THj includes 
a review of the general left- and right-mover twisted KZ systems. For detailed information 
on particular classes of WZW orbifolds, we direct the reader to the following references: 

• the WZW permutation orbifolds [13-15] 

• the inner-automorphic WZW orbifolds f3J EI| 

• the (outer-automorphic) charge conjugation orbifold on su(n > 3) ^3] 

• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds 
onso(8) [IHj. 

Ref. ^3] also solved the twisted vertex operator equations and the twisted KZ systems 
in an abelian limit"'" 1 to obtain the twisted vertex operators for each sector of a large class 
of orbifolds on abelian g. Moreover, Ref. (T^j found the general orbifold Virasoro algebra 
(twisted Virasoro operators [HUH]) of the WZW permutation orbifolds and used the general 
twisted KZ system to study reducibility of the general twisted affine primary field. Recent 
progress at the level of characters has been also reported in Refs. [T9 | IT| 120 ] l2T|. 

In addition to the operator formulation, there have been a number of discussions of 
orbifold geometry at the action level. In particular, Ref. |TH] also gave the general WZW 
orbifold action, special cases of which are further discussed in Refs. fTl] ITH] . The general 
^An abelian twisted KZ equation for the inversion orbifold x — > —x was given earlier in Ref. |17| . 
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WZW orbifold action provides the classical description of each sector of every WZW orb- 
ifold A g (H)/H in terms of appropriate group orbifold elements with diagonal monodromy, 
which are the classical (high-level) limit of the twisted affine primary fields. Moreover, 
Ref. gauged the general WZW orbifold action by general twisted gauge groups to 
obtain the general coset orbifold action, which describes each sector of the general coset 
orbifold A g /h(H)/H. Finally, the geometric description was extended in Ref. to include 
a large class of sigma-model orbifolds and their corresponding twisted Einstein equations. 

In the present paper, we extend the orbifold program beyond the space-time orbifolds 
above to construct a new class of orbifolds that we will call the WZW orientation orbifolds: 

H_cAut{g®g). (1.2) 

Here H_ is any automorphism group which contains world-sheet orientation-reversing auto- 
morphisms. Although we begin as usual with closed-string WZW models, the orientation- 
orbifold sectors which arise by twisting the orientation-reversing automorphisms are in fact 
twisted open WZW strings, for which we work out the relevant twisted (fractionally-moded) 
operator algebras and twisted open-string KZ systems. 

The fundamental reason that these sectors are open strings is that each possesses only 
a single untwisted Virasoro algebra, and the reader may prefer to begin with the simple 
explanation of this mechanism given in Subsec. 3.1. Similarly, the reader will find that the 
open-string nature of these sectors is particularly transparent in Subsec. 6.2, where we have 
worked out the general free-boson example on abelian g (see e. g. Eqs. (I6.22j) . ()6.23j) ). 

At a more technical level, we find that our open-string orientation-orbifold sectors ex- 
hibit all relevant open-string structure, including what is known from the open-string pic- 
ture of untwisted open WZW strings [21] . Such features include world-sheet identifications, 
simultaneous left- and right-mover actions of the twisted currents and the twisted stress 
tensors on the twisted affine primary fields, and the interaction of charges with image 
charges in the twisted KZ systems. 

The twisted open-string sectors of the orientation orbifolds are however not open-string 
sectors of conventional orientifolds [25-27] - in part because conventional orientifolds do 
not involve fractional moding. Other differences are noted in Subsecs. 3.1, 3.4 and 6.3. 
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2 General Orientation-Reversing Automorphisms 



2.1 The Primary Fields of Affine (g © g) 

For any Lie algebra g = (BiQ 1 with simple compact q 1 we have the OPEs of affine (g © g) 
[2312313112]: 

J a (z) J h (w) = -^- 2 + lUUw) + 0(z - w)° (2.1a) 
(z — wy z — w 

Ja(z)J b (w) = ~^— 2 + + (Z - W)° (2.1b) 

{z — w) z z — w 
J a (z)J b (w) = 0(z — w), a, b, c — 1, . . . , dim g (2.1c) 



J a (z)g(T, w, w) = 3( T ^,w)T a + Q ^ _ w)0 (2 ld) 

z — w 

J a {z)g{T,w,w) = = = \-0(z-w) (2.1e) 

z — w 

G ab = ©,M«(I>(I), = ©//aV)^)^' T « = [T a , T 6 ] = */ afe C T c . (2.1f) 

These and all following OPEs hold for \z\ > \w\. Here g(T,w,w) is the affine primary field 
in representation T of affine (g © g). Our normalization convention for the representation 
matrices T is given in Refs. [13-15,23]. The index structure of the affine primary fields is 

g(T, z, z) a(I)I ^ J = 5/griT 1 , z, z) a{1) ^ (2.2a) 
{TaUi)i P(J)J = Sj J (TX(i) m , a(I),(3(I) = 1, . . . ,dim T 1 (2.2b) 

where I labels the simple components g 1 of g. 

To study orientation- reversing automorphisms of affine (g © g), we will need in fact an 
extended, partly redundant set of OPEs: 

J a (z) J b (w) = j-^- + 2/afcCJc(w) + 0(z - w)° (2.3a) 
[z — w) z z — w 

J a (z)J b (w) = t^*- + ^ /afeCJc(w) + 0(z - w)° (2.3b) 
[z — w) z z — w 

J a (z)J b (w) = 0(z-w) (2.3c) 
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J a (z)g(T, w, w) = ^ (T,W,w)Ta + 0(z - w)° (2.3d) 

z — w 

J a (z)g(T, w, w) = _ T ^(T,w,w) + _ 

z — w 

J a (z)g(T, w, wY = _ T »9(T,w,wY + Q{z _ w) o (2 3f) 

z — w 

J a (z)g(f, w, wY = ^ (T ' W '^ )tTa + 0(z - w)° (2.3 S ) 

z — w 

f a = -{T tt )\ (TX(i)i mJ = (T a ) m j aiI)I (2.3h) 

(g(T, z, zY) aW mJ = g(T, z, z) p{J)J °M . (2.3i) 

Here we have everywhere replaced z by z, superscript t is matrix transpose, and the OPEs 
of the transposed operators g(Ty follow from those of the original operators. 

We consider now the action of a general world-sheet orientation-reversing automorphism 

h a : 

h„ = n x h a , h a G H c Aut(g Q)g), h a e H C Aut(g) (2.4) 



J a (z)' = u{h a ) a b J b {z), J a (z)' = Lu(K) a b J b (z) (2.5a) 
g(T, z, z)' = W(h a] T)g(T, z, zfW^hy, T) (2.5b) 
g(f, z, zf = W(h a ; T)g(T, z, z)W\h a - T) (2.5c) 

u{h a ) a c u{K) h d G cd = G ab , uj(h a ) a d uj(h,) b e fde c = fab d u{K) d c (2.5d) 
W\K- T)T a W(h a - T) = uj(h a ) a b T b , W\h a - f)f a W{K- f) = u(h a ) a b f b (2.5e) 

W(h a ,T) = W*(h a ;T). (2.5f) 

Here T\ is world-sheet parity, h a is any Lie automorphism and the automorphism group H_ 
is any subgroup of Aut(g © g) which contains orientation-reversing automorphisms. The 
matrices uj(h a ) and W(h a \T) are the actions of h a EAut(g) in the adjoint representation 
and in matrix rep T respectively. These unitary matrices are familiar in the orbifold 
program EI], where the relations in Eq. (|2.5ej) are known as the linkage relations 
[in] for reps T and T. Consistency of Eqs. (|2.5bJ) and ()2.5c|) follows from Eq. (J2.5fj) . 
which we have chosen as the solution to the linkage relation for rep T. The reader may 
find it interesting to check explicitly that the general transformation in (|2.5J) is indeed an 
automorphism of affine (g © g). 
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We emphasize that, thanks to the z — > z device for J, the mode form of Eq. (|2.5ajl is: 

Uz) = E J a (m)z- m - \ J a {z) = Um)z- m - x (2.6a) 

m m 

J a {m)' = uj{h a ) a b J b {m), J a (m)' = u(h a ) a b J h (m). (2.6b) 

As we will explain in Subsec. 6.1, the classical (high-level) limit of Eq. (J2.5bj) can also be 
written as 

g(T, z, z)' = W{h a - T)g-\T, z, z)W\h a , T) (2.7) 

where g(T, z, z) is now the WZW group element in rep T. 
The simple case with h a — 1 

u(h a ) = W(h a ; T) = W(h a , f ) = 1 (2.8a) 
J(z) J(z) (2.8b) 
g(T,z,z) ~ 9(f,z,zY (2.8c) 

will be called the basic orientation-reversing automorphism of affine (g © g) (see also Sub- 
sec. 5.2). The transformation in (|2.8cj) is the behavior of the affine primary fields under 
world-sheet parity z <-> z. 

In what follows we discuss only the orientation-reversing automorphisms above, which 
as we shall see, are associated to the open-string sectors of the WZW orientation orbifolds. 
We mention however that the full automorphism group H_ C Aut(g@g) contains a subgroup 
H° of orientation-preserving automorphisms 

H°cH_, H°aAut(g), \H_\=2\H°\ (2.9) 

whose associated closed-string sectors have already been constructed in the orbifold pro- 
gram. Moreover, the general principles of the orbifold program tell us that all the twisted 
tensors of all orbifold sectors are class functions, so that one need only keep one represen- 
tative from each conjugacy class of H . 

2.2 Two-Component Fields 

The currents and affine primary fields of the orbifold program are defined to be irreducible 
under the action of the automorphism group, which may require reducible representations 
of the affine Lie algebra. This has been studied extensively for the case of complex repre- 
sentations in ordinary outer-automorphic orbifolds [13} Ho]. 
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To accommodate the action (|2.5|) of the orientation-reversing automorphism, we there- 
fore introduce the following two-component notation 

J ai {z) : J a0 {z) = J a {z), J al {z) = J a {z) (2.10a) 

§{T,z,z)=( 9{T ^ Z) ° u ) (2.10b) 
\ g(T,z,zY J 

where J a t(z), I = 0, 1 are the two-component currents and the reducible quantity g(T, z, z) 
will be called the matrix affine primary field in rep T of g. In this notation, the OPE 
system ()2.3j) takes the simple form: 

T / \ T ( \ ( G a i;bJ . ifai;bj CK Jck( W ) \ . , n/ xO 
J ai( Z ) J bA W ) = 7 ~T2 + ! + \ Z ~ W ) 

\{z — w) z z — w I 



J a i( z )9(T,w,w) 



G ab ifab C J c i(w) 

— w) 2 z — w 
g(T,w,w)T a pj (1- pj)T a g(T,w,w 



5 iJ ( + )+0(z- w)° (2.11a) 

1 (z - w) 2 z-w 1 



z — w z — w 

+0{z - w)° + 0{z - w)° (2.11b) 



G aI , b j = SijGab, f aI ; b J =(Pi)jf ab c , I, J, K = 0,1 (2.11c) 

*-(:;)■ -(::); '-(;:)■ (2 - nd) 

We also note the constraints on the matrix affine primary field 

g(f,z,z) t = T 1 g(T,z,z)Tx, [T 3 ,g(T,z,z)] = \pi,g(T,z,z)]=0 (2.12a) 

(A B \ 1 ( A 1 C l \ 

I — I * + I (2.12b) 

C D ) \B l D l ) y 1 

which follow directly from the definition in Eq. (|2.10bj) . The first constraint in ()2.12aj) is 
the behavior of the matrix affine primary field under world-sheet parity z <-> z. 

In this two-component notation, the action of the orientation-reversing automorphism 
ha = T\ x h a also takes a simple form: 

JM' = ( 2 - 13a ) 

g(T, z, z)< = T X W(h a] T)g(T, z, z)W\h a] T)r x (2.13b) 

nW(h a ; T) = W(K; T) n = n <g> W(h a , T) . (2.13c) 
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The automorphic responses of the two- component fields are now in the form required for 
the orbifold program, with "total" actions w = Ti®w and W = T\®W (see App. B). 

In our development, we will also need the well-known (see e. g. Ref. [3U]) vertex operator 
equations 

dg{T,z,z) = 2Lf :J a {z)g{T,z,z)T b : (2.14a) 
Bg(T,z,z) = -2Lf :Tj b (z)g(T,z,z): (2.14b) 

a{I)b{I) 

L * = 0/ 2^Tq7' L X h °)MK) d b = Lf (2.14c) 

which are the standard operator equations of motion of the corresponding WZW model 
on g. Here the symbol : ■ : is operator-product normal ordering and L ab is the inverse 
inertia tensor of the afline-Sugawara construction [6,7,31-33,12] on g. The vertex operator 
equations may be written in the two-component notation as* 2 

i 

dg(T, z, z) = 2Lf ■ J a i(z)9(T, z, z)T bPl : (2.15a) 

7=0 

1 

dg(T, z, z) = -2Lf -Ta{l ~ Pi )J bi {z)~g{T, z, z) : (2.15b) 

7=0 

where : • : is still operator-product normal ordering. We also note that Eqs. ()2.15a|) and 
are redundant in the following sense: Using the identity (|A.1J) and the world-sheet 
parity in (|2.12a|) . we find that Eq. (j2.15b|) follows from (|2.15a|) and vice- versa. It is also 
not difficult to check with the linkage relations ()2.5e|) that each vertex operator equation in 
()2.15|) is individually form-invariant under the general orientation-reversing automorphism 
(12~T31 . 



2.3 Eigenfields 

The next step in the orbifold program is the construction of the eigenfield basis 00113, 
which diagonalizes the action of each automorphism. (The eigenfields are the prerequisite 
for an application of the principle of local isomorphisms in Sec. 3.) 

To begin, we will need the solutions (for particular h a G Aut(g)) of the if-eigenvalue 

^ 2 Our convention is that repeated indices are summed, but we will also show explicitly the sums over 
the two-component indices /, J. 
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problem of Ref. [3] and the extended if -eigenvalue problem of Ref. jTSI 

u(h a )U\a) = tf(a)E(a), E{cr) n{r) ^ s > = 6 n{r) < s > e' 2 ™^ (2.16a) 

N(r) 

W(K; T)U\T, a) = U\T, a)E(T, a), E(T, a) N(r) ^ s > = 5 N{r) ^ s > e~ 2m ^ (2.16b) 

S n (r)n = ^"^W-nfsJ.Omod p(cr), ^(r)/^ " = $11" $ N(r)- N(s), mod R(cr) (2.16c) 

U\a) = {U\a)<^}, rf(T,a) = {U\T,a) a{I)I N(r ^} (2.16d) 
n(r) G {0, . . . , p(a) - 1}, N(r) G {0, . . . , R(a) - 1} (2.16e) 

which are defined in the orbifold program for each /i CT G if C Aut(g). Here p(cr) and -R(cr) are 
the orders of acting in the adjoint rep and rep T respectively. The (unitary) eigenvector 
matrices W(a),W(T,a) are periodic 

n(r) ^n(r)±p(a), N(r) -> N(r)±R(a) (2.17) 

in their respective spectral indices n(r) and N(r), and the same is true below for any object 
with these indices. The barred indices n(r),N(r) are the pullbacks of the spectral indices 
to their fundamental ranges 

n(0_n(r)_|nW| ^_A^r)_|7V(r)| fnio^ 
p(<r) ~~ p(cr) Lp(<r)J' R(a) ~ R(a) I R(a) J l Z - ±0 J 

where [^J is the floor of x. 

For the basic automorphism types, these eigenvalue problems have been well-studied in 
the orbifold program: 

• permutations [3,5,13-15] 

• inner automorphisms of simple g (HI EH! 

• outer automorphisms of simple g [TH ITE] . 

The eigenvalue problems for compositions of these basic types have not yet been extensively 
studied (see however Refs. |U[22j). 

It is not difficult to verify that the solution of the extended if -eigenvalue problem 
()2.16b|) for rep T can be taken as 

W{h a ] f )U\f , a) = U\f, a)E(f, a) (2.19a) 
U(f, a) = U*(T, a), E(f, a) = E*(T, a) (2.19b) 

where we have used the form of W(h a ; T) chosen in Eq. (|2.5fj) . 
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We will also need the standard duality transformations |3J EJ EI| 

Gn(r)n;n{s)v{ (J ) = x( a )n{r)pX{o) n {s)u U ( a )n(r)p, a U (o-) n ( s)lJ b G ab 

= <^n(r)+n(s),0 mod p(tr)Sn(r)/i;-n(r),i/ (f ) (2.20a) 
Fn(r)n;n(s> {t)S ( a ) = x( a )n(r)pX(v) n ( s )vX{v)~( t) sU )n(r)^U ) n (s)v ' f ab C U j {a )™ W<5 

= ^n(r)+n(s)~n{t),Omod P (a)^n(r)tiMs)^ n ^ +n ^' 5 ( a ) (2.20b) 

r n(r)p;n(s)u , \ _ . ._l , ._i tt]/\ n(r)a TT ] ( \ n(s)v t ab 
%x) ( a ) = rt a )n{r)^ a )n{s)v U U ( a )b L g 

r r n(r)p;—n(r),u / \ / on \ 

— On(r)+n(s),0 mod p{a) *-g( CT ) (Z.ZUCj 

T n(r)M (T, a) = xW n ( r ) p f/(^ W ;^(T, c7)T a [/t( T , a) (2.20d) 
e 2m ^T T n(rV (T, a) = £(T, a)T n{r)lx (T, a)E*(T, a) (2.20e) 

K(r)p^l(s)J — ^n(r) At ;n(s)y n ^' >+n ^' l ' <5 (c r )'^i(r)+n(s),5 (2.20f) 

or twisted tensors of current-algebraic space-time orbifold theory. Here £?(cr), ^(cx), £(o~) 
and T(T, a) are called respectively the (symmetric) twisted metric, the (anti-symmetric) 
twisted structure constants, the (symmetric) twisted inverse inertia tensor and the twisted 
representation matrices of sector h a . The algebra (|2.20fj) of the twisted representation 
matrices is called the orbifold Lie algebra g(a) of sector h a , and the normalization of the 
twisted representation matrices is given in Ref. [13-15,23]. The duality transformations in 
()2.20|) have been explicitly evaluated in the following cases 

• the WZW permutation orbifolds [3,5,13-15] 

• the inner-automorphic WZW orbifolds E| on simple g 

• the charge conjugation orbifolds on su(n) 

• the outer-automorphic WZW orbifolds on so(2n) (and so (8)) ^H] 

as well as for certain classes of coset orbifolds [3J 122] which involve the composition of 
permutations with inner automorphisms of simple Q. 

We will also introduce the twisted representation matrices corresponding to rep T of g 

T n(r)fl (T, a) = T n(r) „(T, a)\ M = x(«) n(r)fl U(a) n{r)ll a U(T, a)T a rf(T, a) (2.21a) 

= -T n(r) „(7»< (2.21b) 

which also satisfy the same orbifold Lie algebra ([2.201]) . Eq. (|2.19b|) was used to obtain the 
final form in (|2.21bjl . In what follows, the twisted tensors above will be called the ordinary 
twisted tensors of space-time orbifold theory. 
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We are now prepared to define the eigenfields 13 US] 

J n(r)lM (z, a) = x(v) nir ^U(a) n{r) ^V2Uj)J ai (z) (2.22a) 
3(T(T, a), z, z, a) = UU{T, a)~g{T, z, z)U\T, a)U^ 

= {S(T(T, a), z, z, a) N{r) » u N{s)uv } (2.22b) 

U = tf = j=( 1 i ^ Y = UW 3 , u,v,we {0, 1} (2.22c) 

corresponding to each h a for each two-component field. Here x( a ) is an arbitrary normal- 
ization and U is the analogue in the 2x2 space of the unitary matrix U(a) in ordinary 
space-time orbifold theory. Note also that the index u is periodic u — > u ± 2, and u, v, w 
are the pullbacks of u, v, w to the fundamental range. In terms of the eigenfields, the 
constraints (|2.12j) become 

r 3 S(T(T, a), z, z, a)r 3 = S(T(T, a), z, z, a) 1 (2.23a) 
[T 1 ,S(T(T,a),z,z,a)] = (2.23b) 

where we have used Eqs. f)2.19b|) and ()A.2a|) . The constraint in Eq. (|2.23aJ) is the behavior 
of the eigengroup element under world-sheet parity. 

The eigenfields of orbifold theory are defined to diagonalize the automorphic responses, 
and in this case we find the action of the orientation-reversing automorphism h a : 

Jn(r)nu(z,a)' = e ( ^y 2> Jn(r)^(z,cj) (2.24a) 
9(T(T, a), z, a) 1 = r 3 E(T, <x)S(T(T, a), z, a)E*(T, a)r 3 . (2.24b) 

These responses are easily verified from Eqs. (|2.13|) . (|2.16|) and the definitions in Eq. (J2.22)) . 

Following Refs. [SI El E3] , the OPEs of the eigenfields may now be computed in terms 
of the twisted tensors. For example, the J^S OPE reads 

■7 l \e(T(rr \ - \ S ( T ( T ' °), z, z a)(T n(r)/J (T, a)r u ) 
Jn(r)fiu{z,a)9{T(T,a),z,z,a) = 

z — w 

_ (T^(r, g )(-i)-r.) S( T(r, g ),i,,, g ) + 

z — w 

where r = I2 and the ordinary twisted representation matrices T n / r )p(T, a) are defined in 
(|2.20d|) . We note, however, that these ordinary T's are only factors in the total twisted 
representation matrices 
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T n{r)tlu (T,a) = x^) n{T ^U{a) n ^\^Uj)UU{T,a){T aPl )U\T,a)U^ 

= T n (r)n(T, a)r u = T n ( r)fl (T, a) <g> t u , u = 0, 1 (2.26a) 
f n (r),u(T, a) = x^) n{r)il U{a) n{r)tl a {s/2Uj)UU{T, a)(T a (l - Pi ))rt(T, a)U^ 

= T n(r)fl (T,a)(-l) u T u (2.26b) 
[T n (r)fiu(T, a), T n ( s ) uv (T, a)} = iJ r n (r) t i;n(s)u n ^ +n ^' 5 (o')% l ^)+n(s),8,u+v(T, a) (2.26c) 
[%i(r)tiu{T, a), T n ( s ) uv (T, a)} = iJ r n (r)iiMs)^ n ^ +n ^' S ( a )^n(r)+n(s),s,u+v{T, a) (2.26d) 

which appear in Eq. (|2.25jl . The total twisted representation matrices are those which 
would be obtained by treating the total automorphism in the standard language of current- 
algebraic orbifold theory (see also App. B). Note that both sets of total twisted represen- 
tation matrices T and 7" satisfy the same algebra (2.26c,d), which is the total orbifold Lie 
algebra <7o(c) of sector h a . 

2.4 Stress Tensors and the Stress- Tensor Eigenfields 

We finally consider the stress tensors in the untwisted WZW theory, which are the standard 
affme-Sugawara constructions [6,7,31-33,12] on g 

T g {z) = Lf : J a (z) J b (z) :, f g (z) = Lf : J a (z) J b (z) : (2.27a) 

* = * = *^r = £tTg > 

where g = (BiQ 1 and L a g is the inverse inertia tensor in Eq. (|2.14c|) . 

The Tg,T g OPEs with themselves and with the currents are well-known: 



T g (z)T g (w) = + (r^-Ti + —) T g (w) + 0{z - wf (2.28a) 
(z - w) A \(z - w) 2 z-wj 

T g {z)T g {w) = + — + -?HL-) f g (w) + 0{z - wf (2.28b) 
[z — wp \(z — w) 2 z — wj 

T g (z)J a (w) = (j^y 2 + Ja{w) + 0{z - wf (2.28c) 

T g (z)J a (w) = ( 1 + -^-) J a {w) + 0(z - wf (2.28d) 
\{z — w) z z — w J 

T g {z)T g {w) = T g {z)J a {w) = T g {z)J a {w) = 0{z - wf . (2.28e) 
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Following the discussion of Subsec. 2.1, we will also need the extended set of OPEs with 
the affine primary fields 

T g (z)g(T, w, w) = g{T, w, w)D{z, w) + 0(z - wf (2.29a) 

f g (z)g{T, w, w) = D(z, w)g{T, w, w) + 0(z - w)° (2.29b) 

T g (z)g(f, w, wf = D(z, w)g(T, w, wf + 0{z - w)° (2.29c) 

f g (z)g{f, w, wf = g(f, w, wfD(z, w) + 0{z - w)° (2.29d) 

D(z,w)= D °( T \ +-L_ d w , D(z,w)= D ^ T \ + d w -^— (2.29e) 
[z — w) z z — w [z — wy z — w 

D g (f) = D 9 (T) = LfT a T b , [D g (T),g(T, z, z)] = (2.29f) 

where D g (T) is the conformal weight matrix of rep T under the affine- Sugawar a construc- 
tion. Here we have again replaced z — > z everywhere, and the OPEs with transposed 
operators in Eqs. (|2.29cj) . ()2.29d|) are redundant. 

The general orientation-reversing automorphism h a acts on the affine-Sugawara stress 
tensors as 

T g (zf = Lf:J a (z)'J b (zf:= Lf : J a (z)J b (z) := T g (z) (2.30a) 
f g (zf = Lf:J a (z)'J b (zf:= Lf :J a (z)J b (z):= T g (z) (2.30b) 

where we have used the invariance ()2.14c)l of L a g h . Thanks again to our z — > z device for 
T g , the mode form of this action is: 

T g (z) = J2 L g {m)z- m -\ f g (z) = L 9 (m)z~ m ~ 2 (2.31a) 

L g (mf = L g (m), L g (mf = L g (m) . (2.31b) 

It is not difficult to check that the action in Eqs. ()2.5)1 and ()2.30|) indeed constitutes an 
automorphism of the stress-tensor OPE system (J2.28)) . (|2.29jl . 

As above, we now introduce a two-component notation for the stress tensors: 

T (z)=T g (z), T^eT^), T I (z) = Lf:J aI (z)J bI (z): (2.32a) 
T i( z )' = (.n)i*Tj(z), 1 = 0,1. (2.32b) 
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Then the entire system (I2.28|) . (|2.29|) of stress tensor OPEs becomes 

WW = 6 tJ + + ^) T») + 0(z - «,)° (2.33a) 

T t (z)J a j(w) = S tJ (^55 + ^) J *» + - «0° (2.33b) 

Ti(z)g(T,w,w) = g(T,w,w)D(z } w)pj + D(z,w)(l - p t )g(T,w,w) 

+O{z-w) + O(z~w)° (2.33c) 

where the matrix affine primary fields g are defined in Eq. ()2.10b|) . In the two-component 
notation, it is not difficult to check that ([2.13)1 . ()2.32b|) is an automorphism of the full 
WZW system. 

The associated stress-tensor eigenfields and their automorphic responses are 

Q u (z, a) = T (z) + (-lrHOz), u = 0,l (2.34a) 

e u (z,a)' = (-l) u Q u (z,a) (2.34b) 

r dz 

H = & 2~z®o(z, <t) = L g (0) + L g (0), H' = H (2.34c) 

and we note that (as it should be in orbifold theory) the Hamiltonian in ()2.34c|) is invariant 
under the orientation-reversing automorphisms. Finally, the stress-tensor eigenfields can 
be rewritten in terms of the eigencurrents 

i 

Q u (z,a) = |£afcfl * (°) ^ : Jn(r)vv(z, J~n(r),v,u-v(z , (?) ■ (2.35) 

v=0 

where the twisted inverse inertia tensor £ is defined in Eq. ()2.20c|) . 



3 The Operator Algebra of Open-String Orbifold Sector h a 
3.1 Automorphisms, Twists and Open Strings 

The method of eigenfields and local isomorphisms E] maps each untwisted CFT 
A(H) with a discrete symmetry H to the twisted sectors of the orbifold A(H)/H, where 
each twisted sector corresponds to a conjugacy class of H. In the present case, we shall 
see that the sector h a = t\ x/i ct of the WZW orientation orbifold A g (HJ)/H_ is a twisted 
open string. The mode form of the twisted open-string algebra of these sectors is given in 
Subsec. 3.4. 
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Before working out the detailed dynamics of these twisted sectors, we want to emphasize 
that the open-string character of these sectors is easily understood as follows. 

Given the left- and right-mover Virasoro generators L(m) and L(m) of any closed-string 
CFT with central charges c = c, we know that any orientation-reversing automorphism of 
the underlying fields will induce the automorphism of Vir © Vir: 

L(m)' = L(m), L(m)' = L(m) . (3-1) 

Our orbifolding procedure follows the well-known prescription in mathematics for twisting 
an algebra: The automorphic response of the eigenstates 

L±(m) = L(m) ± L(m), L±(m)' = ±L±(m) (3.2) 

tells us immediately that we may consistently assign integral and half-integral moding 
respectively to twisted versions of the eigenstates 

{L + (m)} - {L (m)}, {L_(m)} - {^(m+I)} (3.3) 

which in this case satisfy a simple orbifold Virasoro algebra (see Eq. (J3.21aJ) and Refs. [T| I18| 
ITH] ) in twisted sector h a of the orientation orbifold. Since the orbifold Virasoro algebra con- 
tains only a single untwisted Virasoro subalgebra generated by {Lo(m)}, the corresponding 
twisted sector of the orientation orbifold is an open string. 

Moreover, central charges do not change in the orbifolding process, so the central charge 
of the single untwisted Virasoro is the same as that of the eigenstate {L + {m)}\ 

c = 2c. (3.4) 

It follows that our construction is not an open-string sector of a conventional orientifold 
[25-27], which in any case would not involve fractional moding. 

In the case of the WZW models, the eigenstates (|3.2|) are the mode form of the stress- 
tensor eigenfields (J2.34aj) . More generally, the method of eigenfields and local isomorphisms 
[30 EI] is a local version (with OPEs and monodromies) of the arguments above, extended 
to include all the underlying fields and normal ordering of all relevant composite operators 
at once. 

3.2 The Twisted Currents and Twisted AfRne Primary Fields 

The principle of local isomorphisms maps the eigenfields to the twisted fields, for example 

Jn(r)iJ,u(z,0-) ► Jn(r)im{z,cr), <S>u(z,a) ► Q u (z, a) (3.5a) 

(7 <T 

9(T,z,z,<r) — >g(T,z,z,a) (3.5b) 
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in each orientation-orbifold sector h a . In this map, the principle tells us first that the 
singular terms of OPEs of the twisted fields are the same as those of the eigenfields in 
the untwisted closed WZW theory. Moreover, the principle tells us that the automorphic 
responses (|2.24a)l . (J2.34b|) of the current and stress-tensor eigenfields J and 9 become the 
monodromies of the corresponding twisted fields. 

This gives for the twisted currents J and the twisted affine primary fields g 

Jn(r)„u(ze 2m ,a) = e 2m{ ^l + ^J n{r)lJ , u (z,a) (3.6a) 

j / \ i / \ ^^-(.^^mod 2^n(r)+ri(s),0mod /)(ff)5n(r)/i;-n(r).u(^) 

[Z — W) z 

i'F n(r)+n(s),5 ( rT \ f / ,,\ 

H h : Jn(r)^u\z)J n ( s )y V [w) : (3.6b) 

z — w 



Jn(r)^u{z)g{T(T),W,w)= 



z — w z — w 

+ : J n (r)nu{z)g{T(T),Hi, w) : (3.6c) 

i 

N(r)fiu 



g(T(T), z, z) = {g(T(T, a), z, z, a) N r r)lM N V™} (3.6d) 



Here T and T in ()3.6c|) are the total twisted representation matrices in Eq. ()2.26|) . and the 
symbol : ■ : denotes operator-product normal ordering in the twisted sector. Moreover, the 
ordinary twisted tensors Q{o) and J 7 {a) are defined in Eq. (|2.2()jl . and we have suppressed 
some a-dependence for brevity. As in the case of T and T, the numerical factors in 
Eq. (l3~6bl are nothing but the total twisted metric and total twisted structure constants 

5 n (r) W n(»)wW = x{v) n (. r )^x{o) n ( s)v U (a) n ( r) ^ a U (o-) n(s) J> ( V2UJ) ( \p2XJ v J )G ai . b j (3.7a) 

= (2^ti+ti,0mod2)5n(r)/i;ii(s)!/(o') 

= ^^u+^Omod 2^n(r)+n(s),0mod f)(ff)5n(r)/i;-n(r),i/(ff) (3.7b) 
Fn{r)tiu;n{s)vv {t)SW (f ) = X{<r)n{r)yX( a )n{ S )vX{v)n{t)5 U (°" )n{r)^U (<T )„( s )„ b 

x (V2^ / )(V2^/)/ ai;6 /^(^(C/t)^)C/t( (7 ) c ^) 5 (3.7c) 

(^ii+i)+ti),0mod n{r)ix;n{s)v ^ ^ (^~) 

^«+i)+io,0mod 2^n(r)+n{s)— n(t),0 mod p(cr) ) (3.7d) 
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which would appear in the standard language of the orbifold program (see also App. B). As 
shown in Eq. ()3.6d[) . the index structure of the twisted affine primary fields is the same as 
that of the eigenprimary fields. We also emphasize that, as is appropriate for an open WZW 
string (see Ref. [21]), the singularities of the OPE (jH.fi cj) show the current at z interacting 
both with a charge at w and its image charge at w. 

The principle of local isomorphisms also gives the constraints 

[T 1 ,g(T{T,a),z,z,a)] = (3.8a) 
g( T (T, 0), z, z, a) 1 = r 3 g(T(T, a), z, z, a)r 3 (3.8b) 

as the image of the constraints (j2.23j) of the eigenprimary fields. The constraint in (j3.8bj) 
is the behavior of the twisted affine primary field under world-sheet parity z <-> z, which 
can be understood as a world-sheet identification: The twisted affine primary fields for 
T{T) and T(T) are independent only when we restrict attention to the upper half-plane. 
The implications of this world-sheet identification are more transparent in the classical 
(high-level) limit of Subsec. 6.1 and the free-boson examples of Subsec. 6.2. 

As noted above, the twisted fields and duality transformations are periodic in all the 
spectral indices 

Jn(r)fiu(z,0-) = Jn{r)±p(a),Liu( z , ~) = Jn(r)/j,,u±2{z, &) = J n (r)fi-u( z , °) (3.9a) 
0n(r)fi;n(s)u(o-) = S n {r)±p(a),n;n(s)u(c) = < 3ri(r)p;n(s)±p{a),u{o') (3.9b) 

g(T, z, z, cr) N{r) , u N ^ = g(T, z, z, a) N{r)±R[a)> ^ s > v = g(T, z, z, a) N{r)fJ , u N{ - s >> v±2 (3.9c) 
%i(r)pu(T,a) = T n ( r )±p( a )^ u (T, a) = T n ( r )p,u±2(T, a) (3.9d) 
n(r) G {0, . . . , p(a) - 1}, N(s) G {0, . . . , R(a) - 1}, u G {0, 1} (3.9e) 

and we remind the reader that overbar denotes the pullback of the spectral indices to their 
fundamental ranges. 

Finally, applying the method of eigenfields and local isomorphisms to Eqs. (2.15a,b), 
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we obtain the twisted vertex operator equations* 3 for the twisted affine primary fields: 

1 

dg(T, z, z, a) = C n ^'~ n{r) ' v (a) : ^ 4(^(2, <r)g(T, z, z, a)T_ n(r)jU _ u : (3.10a) 

u=0 

1 

dg(T, z, z, a) = -^j™'" V) : ^"H.t-^W/-^. ^C 2 "* ^> 2 > °") : • (3.10b) 

u=0 

Here T = T(T, a), : • : is operator-product normal ordering in the orbifold (see Eq. (|3.6c)) ). 
and the twisted inverse inertia tensor C(o~) is defined in (|2.20c|) . In parallel to the redun- 
dancy of the untwisted vertex operator equations (|2.15jl . we have checked (see App. C) that 
- given the world-sheet parity (|3.8bJ) - the 8 equation (|3.10bjl follows from the d equation 
()3. 10a|) and vice-versa. 

3.3 The Twisted Stress Tensors 

We turn finally to the stress tensors, for which the principle of local isomorphisms gives 
the twisted stress tensors Q u (z,o~) of open-string sector h a and their monodromies 

& u (z, a) — > Q u (z, a), & u (ze 2m , a) = (-l) u & u (z, a) (3.11a) 

a 

e u±2 (z,a) = e u (z,a) (3.11b) 

from the automorphic response (J2.34bj) of the stress-tensor eigenfields. 
The OPEs of the twisted stress tensors 

A / \A / \ Cg$u+v ,0mod 2 / 2 9 W \ A / n 

&u{z, a)Q v {w, a) = — - h 7 H Q u+V (w, a) 

[z — ivy \(z — wy z — wj 

+0(z-w) (3.12a) 



Q u (z, a)J n{r)llv (w, a) = (- — ^— - - + dw ) J n (r)^u+v(w, a) + 0(z - w)° (3.12b) 

\ [z — ivy z — iv j 

&u(z, o-)g(T, w, w, ex) =g(T, w, w, <r)V(z, w)t u 

- (-1) u t u V(z, w)g(T, w, w, a) + 0(z - w)° + 0(z - w)° (3.12c) 



^Following convention in the orbifold program, we have suppressed explicit sums ^ r u on the right- 
hand sides of Eqs. (3.10a,b), but we will show explicit sums over the indices u,v which label the 2x2 
subspace. 
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T>{z,w) = - / r^H V(z 1 w) = - ry + d™ (3.13a) 

(2; — w) z z — w [z — w) z z — w 

ZV)(T(T, a)) = f/(T, a)D g (T)U\T, a) =L^> n{s)u {a)T n{r)ll (T, a)T n{s> (T, a) (3.13b) 



[^ (CT) (T)^(T,z,2,a)] = [V~ g(a) {T),T u ] = (3.13c) 

also follow by local isomorphisms from the OPEs of the stress-tensor eigenfields. The 
quantity T>^ a ) (T) is called the twisted conformal weight matrix ^3] m the orbifold program. 

For the special case of permutation-invariant systems 

9 = ®iQ\ 5 1 - simples, k r = k, T 1 ~T (3.14) 

(with T any rep of Q and any h a G Aut(g)) we find the simple result 

2V)(T(T, a)) = D g (T) = A (T)1, A (T)1 = LfT a T b = © 7 Lf ^T/t/ (3.15) 

where A (T) is the conformal weight of rep T of q under the affine-Sugawara construction 
[6,7,31-33,12] on Q. 

The unique physical stress tensor T a (z) of open-string sector h a is the component with 
trivial monodromy 

f a (z) = e (z, a), f a (ze 2m ) = f„{z) (3.16) 

and we see from ()3.12a|) that the central charge of T a (z) is c = 2c g . The physical stress 
tensor T a is the image in the orbifold of the eigenfield (T g + T g ), while the image G>i of the 
other eigenfield (T g — T g ) has now picked up a non-trivial monodromy. 

Finally, the principle of local isomorphisms applied to the eigenfield form Q U {<J) m 
()2.35|) gives the explicit form of the twisted stress tensors as the twisted affine-Sugawara 
constructions: 

1 

Q u (z, a) = Wi, (<t) ^ : Jn(r)nv(z, (?)Jn{s)v,u-v{z, a) :, u = 0, 1 . (3.17) 

Here the twisted inverse inertia tensor C(a) was defined in ()2.20c|) and : • : is operator- 
product normal ordering in the twisted sector. In the standard notation of the orbifold 
program (see also App.|Bj), the physical stress tensor (j3.16j) would be written 

f a (z) = Q (z, a) = £gw-«W,"r«^ . j n(r)fiu ( Zj a ) J_ n(r)>1/ _ u ( z , cr) : (3.18a) 
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— flX \ r n{r)n;n{s)u ■/ _\ 

— \2 u+v,0mod2)'~~ s ( a ) ) 

1 r c r n(r)^;—n(r),u i \ / Q -. Q , •> 

— 2°w+i),0inod 2"n(r)+n(s),0mod pW^g/j ^O.loDJ 

where £ in (|3.18a|) is the iota/ twisted inverse inertia tensor, and we have suppressed an 
explicit sum on u. 

3.4 Mode Form of the Twisted Open-String Operator Algebra 

The monodromies ()3.6aj) . ()3.11a|) of the twisted fields determine the mode expansions 

e u (z, a) = J2 L u (m + %)z-( m+ ^- 2 (3.19a) 

f a (z) = e (z, v) = J2 La(m)z- m - 2 , L a (m) = L (m) (3.19b) 



, n(r) u, 

J n(r) , u (z,a) = J2 Mr)„»{m+$$ + %)z ( +2) (3.19c) 



L u (m + |) = 



l^(r),;-n Wl>) ^£ I ^(p + ^ + f )J- B(r ),„ tM (m-p-^ + V) = ( 3 ' 19d ) 



v=0 

and the mode periodicities 



£ u±2 (™+^) = £«(m±l+f) (3.20a) 



£<r)*«da(ro+^ + ^ (3.20b) 
follow from the periodicity (J3.9a|) . ()3.11b|) of the local fields. 

These mode expansions and the twisted OPEs (|3.6jl . ()3.12j) then give the mode form of 
the twisted operator algebra in open-string sector h a : 

[L u {m + f),L v {n+l)} = ( m -n + ^)L u+v (m+n + ^) 

+ 5 m+n+ M±,, ^|(m+l )((m + |) 2 - 1) (3.21a) 

[4(m+|), J„ (r)/w (n+^+5)] = + J n(r )^ + ,(m+n+^+^) (3.21b) 
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[L u (m+%),g(T, z, z, a)] = g{T, z, z, a)r u (j)z + (m+§ + l)£> fi((T) (T)) z m+ ^ 

+ {-l) u r u z m+ 2 (zd + (m+f + 1)P SW (T)) g(T, z, z, a) (3.21c) 

[J n (r)^u (m + + 1 ) > Jn(s)uv (n + + 1 )] 

— )'1T , , . n(r)+-n(s),5 / \ t / , , n(r)+n(s) M+ „ n 

+ ( m + ^} + f)^ m | n | "('■)+"(") | it+^Q^n+^Qmod 2) Gn(r)fj,;-n(r),u {&) (3.22a) 

p(tr) 2 ' 

[J n ( rW (m+^}+|)^(r,z,z )( 7)] 

= g(T, z, z, a)T n(r) p U z m+ ^) + 2 -T n(r)flu g(T, z, z, a)z m+ ^ + ^ . (3.22b) 

Here the duality transformations Q,^, T, T and V are defined in Eqs. (|2.2Uj) . (|2.26|) . and 
fl3~l3Ll . 

We comment first on the orbifold Virasoro algebra ()3.21a|) . which was originally seen in 
T^x cyclic orbifolds [HEj. Generalizations of this algebra are also found in the theory of 
general WZW permutation orbifolds [To] . 

In the orbifold Virasoro algebra, we see that twisted sector h a has only the single 
untwisted Virasoro subalgebra (the so-called integral Virasoro subalgebra) generated by 
{L a (m) = L (m)} 

2c 

[L a (m), L a (n)) = (m - n)L a (m + n) + 5 m+nfl ^m{m 2 - 1) (3.23) 

which tells us that the twisted sector is an open string. Moreover, the central charge of the 
single untwisted Virasoro subalgebra is c = 2c g - which tells us (along with the fractionally- 
moded fields) that our construction is not a conventional orientifold [25-27]. We also remark 
on commutation relations such as (|3.22b|) and 

[L a {m),g(T, z, z, a)] = g(T, z, z, a)(dz + (m + l)V m (T))z m 



+ z m {zd+(m + l)V m (T) )g(T, z, z, a) (3.24) 

which show the twisted currents and the single untwisted Virasoro acting simultaneously as 
left- and right-movers. Such actions are well-known in untwisted open-string WZW theory 



The twisted current algebra go (ex) in ()3.22a|) provides a large set of examples of so-called 
'doubly-twisted' current algebras 011], which result more generally from the composition 
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of automorphisms of different types. We also mention the identity 

(3.25) 

p(a) 2 ' 

which may be used to obtain other forms of the central term in the twisted current algebra. 
Note also that (as is well-known in the orbifold program the twisted current algebra 

Qoic) shares the same twisted structure constants ^(u) with the total orbifold Lie algebra 
go{a) in (l2~2l)cl) . 

We finally remark on the integral affine subalgebra (integer-moded subalgebra) of the 
twisted current algebra ()3.22a|) . whose zero modes J(0) generate the residual symmetry 
algebra in open-string sector h a of the orientation orbifold. When the order p(a) of h a is 
odd, the integral affine subalgebra is generated by {Jo,p,,o(rn)} - but when p(a) is even, this 
subalgebra has two sets of generators: 

{Jo,fi,o{ m )} and {■Jp(^)/^,i( m + e ^0y- + = iM/2,M,i( m + 1 )}- Vm,/i. (3.26) 
In this case, the integral affine subalgebra takes the form 

[jo,n,o{™>), J ,u,o{n)] = iFo^-o/' 5 {o) J ,<5,o( m +™) + ^m5 m+nfi g 0ifl . 0jU (a) (3.27a) 

[Jo,ii,o( m )i Jp(a)/2,w,l{ n + 1 )} = i ^0, K p(a)/2,w P( ' T)/2 ' 5 {^)Jp{a)/2,8A' m + n + 1) (3.27b) 
[Jp{a)/2,^l(rn+l), Jp( a )/2,u,l(n+l)] = iJ r p(a)/2,^p(v)/2,u° , \v)Jo,5,o( m + n + 2 ) 

+ 2(m+l)5 m+n+2 flQp(a)/2,p;p(a)/2,u{0-) (3.27c) 

and the residual symmetry algebra of sector h a is 

[io lMl o(0), Jo,v,a(°)} = ^, K o/'V)4o(0) (3.28a) 

[4m,o(0), Jp { a)/2,uM\ = ^;p(a)/2,/ (<T)/2 ' 5 (a)ip( CT )/2Al(0) (3.28b) 
[Jp(a)/2,n,l(0), Jp(a)/2,v,l{0)] = i^p{a)/2,p,;p{a)/2,u°' 6 (&) Jo,5,o(0) (3.28c) 

where only ()3.27aj) . ()3.28a|l are relevant when p(a) is odd. The global Ward identities of 
Subsec. 4.3 are a consequence of these residual symmetry algebras. 

3.5 Mode Ordering and the Scalar Twist-Field State 

In each open-string sector h a of each WZW orientation orbifold, the scalar twist-field state 
|0) CT satisfies 

jn(r)»u(m + ^ + % > 0)10), = „(0\j n{r) ^( m +m + % < 0) = (3.29) 
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and therefore the standard mode normal ordering [3J HSj of the twisted currents 

: Jn(r)fiu( m +^^ + j)Jn(s)vv(n + ' ! ^ + %) '-M = 

+ ( m +^ + -2 < 0)4(^ u (m+^ + |)in (s ^(n+^ + l) (3.30a) 

a{0\ ■■l(r)»u(rn + ^ + %)J n{s)uv (n + ^ + %): M |0) CT = (3.30b) 

will be useful for computations below. 

As a first application, we may use the ordering (J3.30a|) and the twisted current algebra 
(I3.22a|) to compute the exact J J operator product in open-string sector h a : 

J n (r)^u{z, (y)J n{s)vv (w, a) = — ( ■- h{z, w; y{r, it)) 

\zJ \z — wy 



, ^n(r)At;n(s)^ n ^' )+n ^' , ' <5 (c r )^n(r)+n(s),5,n+-u(^, 0" ) ,, _/ ^\ 

+ — — — f( z W] y(r } u)) ) 

z — w 

+ ■Jn{r)fiu(z,a)J n ( s ) uv (w,a): M (3.31a) 



h{z , W ;y)^l + + W > 1) (S " m)2 (3.31b) 

5* — It? 

/(2,w;|/) = 1 + 0(1/ >1) (3.31c) 

y( r , u ) = ffi + * 0<y(r, W )<~. (3.31d) 

p(CTj 2 2 



The summation identity ()A.3|) is useful in obtaining this result. 

The normal-ordering identity (j3.30b|) and the operator product (J3.31a|) then give the 
exact twisted current-current correlator in the scalar twist-field state 

{Jn(r)nu{z, ^)Jn(s)vv{w,a)) a = a (0 1 J n (r)tj,u{z, o) J n (s)uv (w , a) \0) a 

w\y( r ' u ) 

J 2^u+v,0 mod 2^n(r)+n(s),0 mod p(a)Gn(r)[j,;—n(r),v\&) 



Z / 



r ,+^ + « r ,«)>l)^l ,332, 



z — wrz — w ttr 



where y is defined in (|3.31d|) . 
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The operator-product expansion of Eq. (j3.31aj) reproduces the singular terms in the 
twisted current-current OPE (|3.6b|) . and we also find the following local relation between 
operator-product normal ordering and mode normal ordering: 

• Jn[r) fj,u\Z ■) Oj Jn(s)uv \Z , (J) . . J n(r) f/,u\Z > Jn(s)vv{^Z , 0") .j\,f 

- ^n(r) / ,;n( S )™ (r)+n(S) ' 5 (ff)4(rO+n(s)A«+^(' 2; ) CT )^(^( r ^) ~ 8{V{ r , «) > 1)) 

1 - y(r,u) y(r,u) 



+ (25 u +„,0mod 2)^n(r)^;n(s)i/(c")" 



0(y(r,u)>l)). 



(3.33) 



With this relation and Eq. (|3.17|) . we find the mode-ordered form of the twisted stress 
tensors 

l 



■M 



v=0 



1 



-^n(r) K -n(r),i/ ' (o") Jo,5,u(z, o) ~ (y (f, v) - 9(y(r, v) > 1)) 

+ 2< 0mod 2 gn(r),;-n(^W 1 ~ ^ ^ - 9(y(r, v) > 1))} (3.34) 

and hence the mode-ordered form of the generators of the orbifold Virasoro algebra: 



LJm+- 



1 fn{r)n;-n{r) 



U ( a )^{^ : Jn(r)vv(P+^ + %)J-n(r),»,u-v(m-p-^ + ^)-M 

v=o pel 
0,5, 



~ iFn{r)y,;-n{r),v ' (f) Jo,S,u( m + f) (Z/( r ) u ) ~ %( r 7 ^) > 1)) 

+ 25 m+ | ^ n(r)At; _ n(r))I ,((T)(l-y(r,'y))(— 0(f7(r,i;) > l))j. 



(3.35) 



We may then compute the conformal weight A (a) of the scalar twist-field state in open- 
string sector h a of the orientation orbifold 



L u (m+% > 0) -5 m+ « A (a)j |0) CT = CT (0| (L u (m+f < 0) S m+ u A (a) ) = (3.36a) 

A 0(-)= £ [^ ; " n(rV (^)^-nW^(^)(l-Si-f) 



ra(r) _ «n 



xlKS+D-^S+I^ 1 ) 



(3.36b) 



: EC ; "" (r) 'W^-4),W fd + |gy-(fi) 2 ) + (fH^S > 1)1 (3.36c) 
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as a consequence of Eqs. (j3.35|) and the defining relations (|3.29p . 
In the special case of permutation-invariant systems 

9 = ®iQ J , 9 1 — simple q, ki — k (3.37) 
we find (for any h a G Aut(g)) a simpler form for the twist-field conformal weight: 



k 

2k + Q, 



C n ^ n{s)v (a) = — - gnWrrt*)"^) (3.3 8a ) 



r 

dim[n(r)]=^5 n(r) /^, £ dim[n(r)] = dim g, c s = |^ . (3.38c) 

Here dim[n(r)] is the degeneracy of the energy E n ^(a) = e~ m W) in the if -eigenvalue 
problem ()2.16a|) . 

4 The Twisted KZ Systems of the WZW Orientation Orbifolds 

4.1 The Jg Operator Products 

In parallel with Subsec. 3.5, we study here exact operator products and normal orderings 
in the Jg system. 

The basic tool here is the standard [T3] mode normal ordering : • : M defined for J with 

9 

■ j n (r)vu(m+^ + %)g(T, z, z, a) : M = 

e(m+^+^>0)g(T,z,z,a)J nir) , u ( m +^+^ 

+ 0(m + ^ + ^<0)J n{r) , u (m+^ + ^g(Trz,z 1 a) (4.1a) 
(-) 



: J n (r)^u(z, a)g(T } w, w, a) : M = J { n( J )lMU (z, a)g(T } w, w 



+ g(T,w,w,a)Mh,a) (4.1b) 



n(r) 



J^uM - E^ + Sl + i ^ 0)J„ (r) , u (m+^)+|)z-^^» + t)-i ( 4.ic) 

J$)J*>°) = E^+fy+l < oR ( ^(m+^+!K (m+ ^ +fM (4.id) 



meZ 
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where are called the twisted partial currents. Then we may compute the exact Jg 
operator product in open-string sector h a 



, ( \ ^ irj- - x fw\v(w) f(z,w;y(r,u)) _ 

Jn(r)nu(z, <T)g{T, w,w,a) = — I g(T , w, w, a)T n ^ u 

\ z J z — w 



- — = T n{r) ^ u g(T,w,w,a)+:J n{r) ^ u {z,a)g(T,w,w,a): M (4.2a) 

V z / z — w 

z — in 

f(z,w;y) = l + 9(y>l) (4.2b) 

w 

where we have used the commutator (|3.22b|) and the identity (jA.3|) . This is the same 
function / encountered in Eq. (j3.31|) . The pullback y(r,u) and the twisted representation 
matrices T and T are defined respectively in Eqs. ()3.31d|) and ()2.26|) . 

The operator-product expansion of Eq. ()4.2|) reproduces the singular terms of the Jg 
OPE in ()3.6cp . and one finds moreover the following relation between operator product and 
mode normal ordering: 

: J n (r)fiu(z, cr)g(T, w, w, a) :=: J n ( r )^u(z, a)g(T, w, w, a) : M 

y— ) f( z , w; y(r, u))-l> - _ - g(T, w, w, a)T n(r)flu 
uj\y( r > u ) _ ] l 

- f(z,w;y(r,u)) - 1} -T nir)fMU g(T ,w,w,a) . (4.3) 

z J J z — w 

This exact relation may be analyzed in the limits z — > w or w to obtain the following 
quasi-local normal-ordering relations for J with g: 



■ J n {r)nu{z, o)gV, z,z,a): = : J n (r)^u(z, cr)g(T, z, z, a) : 



-(y{r, u) - 6(y(r, u) > l))g(T, z, z, a)T n{r)fm 

Z\B(r,u) _ } 1 ~ 

-J f(z, z; y(r, u)) - H ——T n{r)llu g(T, z, z, a) (4.4a) 

: J n (r)^u{z, v)g(T, z,z,a): = : J n (r)fiu(z, cr)g(T, z, z, a) : M 

■z\y( r > u ) _ 1 1 

-z J f(z, z; y(r, u)) - 1 > ——^{T, z, z, a)T n{r)flu 

+ -(V(r, u) - 9(y(r, u) > l))f n{r) ^ u g(T, z, z, a) . (4.4b) 
All these normal-ordered products are finite because f(z, z; y) — 1. 
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4.2 Mode-Ordered Form of the Twisted Vertex Operator Equations 



Using Eqs. ()3.1U|) and (|4.4|) . we may now give the mode normal-ordered form of the twisted 
vertex operator equations: 

1 

dg(T, z, z, a) = £j3" ; " n(r) ' 1 '(a) { : J n ( r)fiu (z, a)g(T, z, z, a) : M 

u=0 

(zyW f{z,z-y{r,u)) ^ 
~{-J Tn(r)iiug{T,z,z,a) 

- - (y(r, u) - 6(y(r, u) > 1)) g(T, z, z, a)T n{r)flu }T_ n{r) , u _ u (4.5a) 

z 

1 

dg(T, z, z, a) = -C n ^'~ n{r),u (a) f- n {r),v ,-u{ ■ J n (r)^u(z, cr)g(T, z, z, a) : M 

u=0 

/z\y( r > u ) f(z,z;y(r,u)) ^ lrr N _. 

+ - = g{T, z, z, a)T n(r) ^ u 

\zJ z — z 

+ - {y{r, u) - 6(y(r, u) > 1)) f n{r) ^ u g(T, z, z,a)} . (4.5b) 

In stating these results, we simplified the TgT terms of both equations by the non-trivial 
substitutions: 

y-j f(z,z;y(r,u)) - IV < — > (^-J f(z,z;y(r,u)) (4.6a) 

H-J f(z,z;y(r,u))-n <— (^J f(z,z;y(r,u)). (4.6b) 

These substitutions are possible because of the identity 

i i 

[#? r l] — =>• }] %i(r)ttu9^'-n(r),v,-u = ^( — l)"^(r)^^^n(r),^ = (4.7) 

which follows from the Ti-constraint (jH.Haj) and the definitions 1)2.26)1 of T and T. We note 
in particular that the twisted vertex operator equations ()4.5j) are non-singular as z — > z 
(as they must be according to Eq. ()4.6jl ) and this can also be verified directly by doing the 
sums on u (see Subsec. 4.4). 

Following Refs. (301 UH UE] , the questions of reducibility and monodromy of the twisted 
affine primary fields can be studied with these twisted vertex operator equations, but these 
topics are beyond the scope of the present paper. Monodromy is discussed for the classical 
(high-level) limit in Subsec. 6.1. 
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4.3 The Twisted KZ System of Open-String Sector h a 



For this computation, we will need the following commutators of the twisted partial currents 
with the twisted affine primary fields: 

"M™- ")1 = (fY' r '"' /fe '^'"V b V^ CT )T«„„ 

- (|) S< ""' /<Z f ; f "" jgU^, „, M > W (4.8a) 

[■Uj*. «p*>. * ")i = - /( "f5'V ,«i, * 

[■%.(*. <r)] = (f Y'"" KTW, z„ a)T n % „„ 

- /fe ft M)) ^(T«. %, N > W (4.80) 

+ (ir > / "f i f ^ ^v^^). n>n ( 4.8d) 

7-0*) = r(r^, a), f ^ = t(T^, a) . (4.8e) 

These relations are obtained from the mode algebra (|3.22bJ) and the summation identity 
()A.3|) . and the function / is defined in Eq. ()3.31|) . 

We next define the twisted open-string correlators in the scalar twist-field state (see 
Subsec. 3.5) of sector h a : 

A a {T, z, z) = (#(T« z u z u a)... g{T^ n \ z n , z n , a)) a (4.9a) 

A a (T,z,z) = {A a (T(T,a),z,z,a) N{ri) » lUl ,...,^ . (4.9b) 

Using the commutators ()4.8j) and the mode-ordered forms (|4.5jl of the twisted vertex oper- 
ator equations, we may now differentiate the correlators to obtain the twisted KZ equations 



29 



for open-string sector h a of the orientation orbifold: 



diA a (T,z, z) = £ 



x 



E 

u=0 



E 

J 7^ 



n(r)n;-n(r),v / \ 

ZjY f(zi,zf,y(r,u)) 



Z{ Zj 



A a (T,z,z)T 



n(r)fj,u 



--(y(r,«) -0(y(r,u) > 1))4,(T, *, z)T ( ( ^ 



7-W 

— n(r),v,— u 



(4.10a) 



n(r) ii;—n(r) ,v , 

m 1 



<7 



M=0 



(0 

n(r),f,— it 



El 



y(r,u) 



f{z i ,z j ;y{r,u)) 



Zi Zj 



A a (T,z,z)T n 



n(r)fiu 



1 



-f (y(r, u) - 0(y(r, u) > l))t^A CT (T, s, z) 



(4.10b) 



T 



(0 



r n(0 ,(T« a)r«, 3$ )MU = T n(r)M (T« a)(-l)V« 



2 — u; 



/(z, w ^) = l + _ ^0(j/>l), y( r ,«) = ^ + § 



5 



5 



<9i=— , 9i = — , i=l,...,n. 



(4.10c) 
(4.10d) 
(4.10e) 



Here the ordinary twisted inverse inertia tensor C^a) (ct) and the ordinary twisted represen- 
tation matrices T(T, a) are defined in Eq. (|2.20|) . Note that the TAT terms in Eq. ()4.10|) 
are summed over all j, where the j = i terms come from the TgT terms of the twisted 
vertex operator equations (|4.5jl . 

We emphasize that similar KZ systems with terms of the form 

Ta^AT^ Ta^AT^ 



Zi Zj 



Zi Zj 



are known in untwisted open-string WZW theory 24 a and, following this reference, we 
may interpret the corresponding TAT terms in the twisted KZ equations ()4.10|) as the 
interaction of charges at with image charges at Zj. 
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In addition to the twisted KZ equations, we find the global Ward identities of open- 
string sector h a 

([Jo, M) o(0),#(TW z u Zl , a)... g(T^,z n , z n , a)]) a = (4.11a) 
=► MT, z, z) T » j - ^ f®)j A a (T, z,z) = 0, V M 

^A a (T,z,z)(^T { ^-^ V// (4.11b) 

which enforce the residual symmetries associated to the zero modes Jo,/i,o(0) of the twisted 
currents. We remind the reader that 

1$ = %A^U) (4.12) 

are the special cases with n{r) = of the twisted representation matrices (J2.20d)l of ordinary 
space-time orbifold theory. Recalling the discussion in Subsec. (3.4), we also note the 
additional global Ward identities 

([^( CT )/ 2A i(0), #(T« Zl , a) . . . g(T^ n \ z n , z n , a)]) a = (4.13a) 
4,(T,M) (Er^^^rP) + fe^ )/2/l (i) ) A,(T,M) = 0, V M (4.13b) 



i=l / \i=l 



which hold for any open-string sector h a when the order p(a) of h a G H is even. 

We turn finally to discuss the consequences for the system of the constraints ()3.8j) found 
above, beginning with the ri-constraint: 

[T 1 ,g(T(T,a),z,z,<r)] = 0. (4.14) 

The solution to (|4.14jl is 

g(T(T, a), z, z, a) N{r) ^ s > v = g (u - v) (T(T, a), z, z, a) N(r) , N ^ (4.15) 

which tells us that the twisted correlators A a in Eq. (|4.9jl are functions of the differences 
{(ui — Vi), i = 1 . . . n} only. As discussed in Ref. (THj, this constraint is consistent with the 
twisted KZ equations and the global Ward identities. 
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The remaining constraint is the world-sheet parity in Eq. (j3.8b|) 

g( T (T, a), z, z, af = r 3 g(T(T, a), z, z, a)r 3 (4.16) 
which gives correlator relations of the form 



A a (T(T), z, z) = T^A a (T(V), w, w)*®^ 



t(«)'=t('), 



n (4.17) 



where superscript tu\ is transpose in the ith subspace. These relations are the reflection in 
the correlators of the world-sheet identification discussed in Subsec. 3.2. The relations (|4.17j) 
are also consistent with the twisted KZ equations in the following sense: As discussed above 
for the twisted vertex operator equations ()3.1()j) . one finds correspondingly (see App. C) 
that the di and di twisted KZ equations are also redundant under world-sheet parity. More 
precisely, the di twisted KZ equations can be ignored in favor of Eq. (|4.17|) and the di 
twisted KZ equations and vice-versa: 

world-sheet parity + 8^ KZ 8 { A a KZ (4.18a) 
world-sheet parity + <Ma KZ d { A a KZ. (4.18b) 

On the other hand, the set of both di and di twisted KZ equations is not sufficient to imply 
world-sheet parity, which must therefore be included separately in the system. 

4.4 The One-Sided Form of the Open-String Twisted KZ System 

Following Ref. [21], we may define a one-sided notation for open-string sector h a as follows: 

~g(T, z, z, a f^Mr),u = ~ (T; - 2j a)N{r)tiu N(s)w (4 10a) 

( A n(T 5 <y rr\ U\ N{s)vv _ a N(t)5w ~ N(t')6'w' td N(s)uv 

{Ag{2 , Z, Z, (T)rS)N{r)nu — Aw(r)|UM 9N(t)8w £>N(t')S'w' 

— 9 £>N(t')S>w' {A)N(t)5w (4.iyb) 

= -(|(T, z, z, a)B <g> A) N{s)vv '' N ^ u (4.19c) 
A = -A\ (A% {r)flu N ^ v = A N{s)vv Ni ^ u . (4.19d) 

In our application, we will then need to evaluate the following twisted representation ma- 
trices T(T), Vf 

%i{r)nu{T, c) = -%(r) t iu(T, erf = -%{ r )n{T, cr)*(— = ^(^(T, <j){—l) U T u (4.20a) 
[%i(r)/iu (T,cr), T n ( s ) uv (T, a)} = iT n { r ) (T,a) (4.20b) 
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where the matrix — T(T, a) is the image on the right of our total twisted representation 
matrix T(T,a) on the left. The result in (|4.20a|) follows from the identity in Eq. ()2.21|) . 
and, according to Eq. (j4.20b)l . the matrices T(T, a) satisfy the same total orbifold Lie 
algebra go{&) in Eq- (j2.2ficj) . We note in particular that (as shown in (j4.19bj) . (|4.19cjl ) 
T(T,a) acts on the right indices of g, while T(T,a) acts on the left indices. This B®A 
bookkeeping should be born in mind even though we sometimes neglect the ordering in the 
tensor product 

T(T, a) <8>T(T, a) ~ T(T, a) ®T(f, a) (4.21) 

for notational convenience. 

The one-sided notation allows us to rewrite all our results for the twisted affine primary 
fields in a one-sided form. As examples, the Jg OPE (jH.fi c|) and the mode-ordered form 
(j4.5j) of the twisted vertex operator equations now take the one-sided form 

7 / \~!>Tl'-r\ - \ ~tT/rr\ - \ f 1~n(r)fiu(T) %i(r)fiu(T) 

Jn{r)^u{z,a)g{T{T),w,w,a) = g{T{T),w,w, a) 1 — 

\ z — w z — w 

+ O((z-w) ,(z-w)°) (4.22a) 

a / \ ~ ~ / | n(r) . u 

[Jn(r)^{m+$£ + %),g(T(T), z, z, a)] = g(T(T), z, z, a){T n{r)flu (T)z m+ ^ + * 

+ T n{r)f , u (f)z m+ ^) (4.22b) 



i 

dg(T(T), z, z, a) = C n g ^'~ n{r) ' v (a) { : J n(r) ^(z, a)g(T(T), z, z, a) : M 

u=0 

(z\y<r,u) f(z,z;y(r,u)) x - - 

liJ J^i 9{MT),z,z,(j)T nir)lJ , u (T) 

--{y{r,u)-6{y{r,u) > 1)) §{T{T), z, z, a)T n{ , )lxu {T)}r_ n{r) ^ u {T) (4.22c) 



i 

dg(T(T), z, z, a) = C n ^''~ n{r) ' v {a) ^ { : J n{r)liu (z, a)g(T(T), z, z, a) : M 
fz\v(r,u) f(z,z;y(r,u)) ~ _ 

- - {y{r, u) - 6{y{r, u) > 1)) f (T(T), z, z, a)T n{r)flu {T)}T_ n{r)iVi _ u {T) (4.22d) 
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where we have suppressed the cx-dependence of T, T, and T(T) is defined in Eq. f|4.20|) . 

We turn next to the twisted KZ system itself. In the one-sided notation, the correlators 
of the g fields are written as: 

i CT (T, z, z) = (~g(T (1 \ z u z u a)... ~g{T (n \ z n , z n , a)) a (4.23a) 

A (T\ N(s 1 )v 1 v u ...,N(s n ),i'n,Vn _ a fq-\N(s 1 )u 1 v 1 ,...N(s n )u n v n ;N(r 1 )fj, 1 u 1 ,...,N(r n ) f i n u n (a 9 qi \ 

A °\ 2 JjV(r 1 ) AtlUl ,...,iV(r„)/x„«n ~~ > ■ l 4 - ZdD J 

Then we find that the twisted KZ system (I4.9|) - (j4.13|) takes the one-sided or chiral form in 
2n variables Zi, z~i, i = 1 . . . n: 

diA a (T, z, z)=A a (T, z, z)Wi(T, z, z, a), ^1 CT (T, z, z)=A a (T, z, z)Wi(T, z, z, a) (4.24a) 



Wi{T, z,z,a) =£ 



n(r)/j,;—n(r),i/ 



EKE 



+E * 



u=0 

y(r,u) 



y(r,u) 



f{zj,Zj;y{r,u)) 



Z4 Zj 



n(r)fiu 



Zj_ Za 



r 



(<) 

n(r),u,—u 



I (y(r, u) - 9(y(r, u) > 1)) 7^ )fl T^ {r) ^_ u 



Wi{T,z,z,a) =C 



n(r)/j,;—n(r),i/ 

sM 1 



cr 



EKE f 



Zi \ y{r ' u) f{zi,Zj;y(r,u)) ^.(j) 

Zi 



~ ~ n(r)fiu 



+E 



y ~ n(r)/iu 



r 



n(r),f,— m 



(4.24b) 



1 



(^, M )-e(y(r )M )>l))T ( ^xV,- 



(4.24c) 



,i=i 



I CT (T, *, z) ( X)(T« i0 (8> 11 + )=0, V M 

A a (T,z,z)[J2(T 



. i=i 



TW^T(T«a), f«=f(T w ,<r), 5, = A, ft = A, j = !,...,„ 



z — w 



(4.24d) 

(4.24e) 

(4.24f) 
(4.24g) 
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In this form, we see that the global Ward identities (4.24d,e) select singlets under the 
residual symmetry algebra (|3.28|) of open-string sector h a . 

For reference, we collect here the forms of the total twisted representation matrices 

%i(r) f iu{T,a) = T n ( r ) II (T,a)T u , T n ( r ) tlu (T,a)=T n ( r ) fJ ,(T,a)(-l) u T u , u—0,1 (4.25a) 
%i(r)n(T, a)=x(cr) n{r)l ,U{a) n{r) „ a U{T, a)T a U^(T, a) (4.25b) 
r n(r) „(T , a)=x(<j) n[r)ll U(a) n{r)ll a U{f, a)f a U\f, a) = -T n(r> (T, a) 1 (4.25c) 

[%i(r)fiu{T, 0"), %i(s)vv{T, Cr)\ = iJ r n (r)fi;n(s)u n ^ +n( ' S ' > ' S {^)%i(r)+n(s),S,u+v{T, (?) (4.25d) 
\Xn{r)^u{T,<j),%,(s)vv{T,a)] = l^n{r)^n{s)v n ^ & {^)%i{r)+n{s),S,u+v{T , a) (4.25e) 

which appear in the one-sided form 1)4.24)1 of the twisted open-string KZ equations. Here f 
are the Pauli matrices, T is any matrix rep of g and we have also included the definitions of 
the ordinary twisted representation matrices 7^( r )^(T),7^( r w(T). We remark in particular 
that both sets T n ( r ^ u (T), T n ( r ^ u {T) satisfy the same total orbifold Lie algebra go(cr) in 
(J2.26cj) . Moreover % ;fJi fi(T) = % tlJi (T), 7o iAt ,o(T) = % jfl (T) so that the global Ward identity 
(|4.24dJ) has exactly the same form as the chiral global Ward identities ^3] of ordinary 
space-time orbifolds A g (H)/H. 

In the one-sided notation, the constraints ()3.8|) take the form 

~g{T{T , a), z, z, af = ~g{T{T, a), z, z, a)(r 3 ® r 3 ) (4.26a) 

f (T(T, d), Z, Z, a f(r)nu;N(s)uv = (_ 1 )«+^( T ( T; ^ ^ ^ ^N(s)uv;N(r^u ^ ^ 



[n,g(T, z, z, a)] = - g(T, z, z, a)(l ® n) = g(T, z, z, a)(n ® 1) (4.27a) 
£(T, z, 2, <t)(ti ® ri) = |(T, z, z, <r)(ll ® (r : ) 2 ) = |(T, z, z, a) (4.27b) 
|(T, z, z, ^"U^Ma™ = ^ ( T> g> Zj ^ivw^ivw^ (4>27c) 

where (14.26)1 is the behavior of the (one-sided) twisted affine primary field under world- 
sheet parity and (J4.27cj) is the solution of the T\ constraint. As discussed for the two-sided 
formulation in App. C, the one-sided <9j and di twisted KZ equations are redundant under 
world-sheet parity (j4.26j) . 

We emphasize that one-sided open-string KZ systems of this general type [21] 

. , . '^i ■ ~i '-"7 

3 ^ x j j 
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a i F = F2Lt{Y,-i^ + Y, J T^> (4 ' 28b) 

n 

^5Z(T a (i) <g>ll + H®T a (i) ) = (4.28c) 
1=1 

are known in the theory of untwisted open WZW strings. Here and in the twisted KZ 
equations (|4.24j) . one clearly sees the interaction of charges at Zi with image charges at Zj. 

On the other hand, there is something quite special about our set of open-string KZ 
equations: The relation (j4.27b|) tells us that the interactions between the charge at and 
its image charge at Zi are non-singular in the twisted KZ system, in distinction to the 
singular interactions in the untwisted system (J4.28j) . To see this, consider for example the 
j = i term of the one-sided connection (|4.24b|) and follow the steps: 

Krf ® rf = A a (4.29a) 

a / j \ z , j r . y. n(r)iiu ~n(r),v,-u 



u=0 



( ~T' U) f(ZiJ ^- r ' U)) {-i) u %tr)»{T®) ® r^crW) (4.29b) 

„ \%i J Zi Z{ 

y fz^' n^yM) = (*\®l MSfir 1 : S < i (4 . 29c) 

~ V % / 2i - % / I kifeMZ when 2^4 > 1 

£ + Ofc-*) when=M<. 
-i + O^-^) when=M>i ' ^ 

The sum in ()4.29c|l is explicitly non-singular and similarly for the j — i term in 

the one-sided connection (|4.24c|) . This is in fact the same conclusion reached in Subsec. 4.2, 
since the j = i terms of the twisted KZ equations arise directly from the non-singular / 
terms in the twisted vertex operator equations. 

We finally mention that the one-sided form of the twisted KZ system above is simpler 
for computational purposes (see Subsec. 5.3) than the two-sided form of the system in 
Subsec. 4.3. 



M=0 



4.5 The Orbifold Form of the Open-String Twisted KZ System 

Orientation orbifolds are special cases of orbifolds, and Appendix [B] rewrites a number of 
the major results of our orientation-orbifold theory in the standard notation of the orbifold 
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program [3,5,13-16]. The basic device is the super-index notation h{r)fi: 

*(r)/2 = n(r)Am, jg = =g + 3, ee - [f}J . (4.30) 

For the results below, we will need only the following super-index identities 

g = y(r, u) - e(y(r, u) > 1), y(r, u) = + § (4.31a) 

(f) B = (ff'V,-;yM) (4.31b) 

which are derived in App. El 

With these identities, we find the orbifold form of the twisted open-string KZ equations: 

d^T, z, z)=A a (T, z, z)Wi(T, z, z, a), d t A a (T, z, z)=A a (T, z, z)Wi(T, z, z, a) (4.32a) 



Wi(T, z,z,a) =2C 



n(r)/i;— n(r),i> 

X<0 ' ' ' 



n(r) 



U) 



■ I 7- — 7 ■ n(r){i 



n\r)jx / — n{r),i> y P\' J ) TilTjjX —n(r),i/ 



(4.32b) 



n(r) 



(i) 



• / _ ft ( r )/« 

3T* 



\ y ^ — Zj ™( r W -n(r),u Zi P ^> n \ r )^ -™( r )'' 



(4.32c) 



^(T,M) 5>$® 1 + 1® 3$) =0, V/i. (4.32d) 

i=i 

The twisted tensors in (14.32)) are nothing but the total quantities T, T and £, now written 
in super- index notation (see Eq. ()B.3[) ). It is also explained in App. B that the global Ward 
identity (|4.32d|) includes both sets of global Ward identities in Eq. (14.24)1 . This form of the 
twisted open-string KZ equations is recognized as an apparently ordinary chiral orbifold 
KZ system [13-16] 

A a (T, {z}) = I CT (T, z, z), d K A a (T, {z}) = A a (T, {z})W K (T, {z}, a) (4.33a) 
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W K (T,{z},a) = 2C 



h(r)fi;—h(r),0 



fe n(r) 
I / n(r)ju -n(r),i/ 



_ /3(ct) h(r)fi —h(r),u 



2n 



a. 



g 



■'ftp 



K=l 



Zp : Z K 



K 



1 . . . n, 



k = n + 1 . . . 2n 



h(r)fi ' 



T n(r)MU (rW, a) = T n{r)fl (T^\a)rt 



H 



1 



n 



u (k-u) 



k = n + 1 . . . 2n 



(4.33b) 
(4.33c) 
(4.33d) 
(4.33e) 



on the 2n variables {z K }, with the particular choice of twisted representation matrices in 
Eq. (|4.33ejl . It remains to discuss whether the system ()4.33|) is in fact realized in ordinary 
space-time orbifold theory. 

As a first step in this discussion, we note that total twisted representation matrices of 
the form 



a)r u , T n (y)fj,(T, a)r u } 

occur in the ordinary space-time WZW orbifold 

A geg (H)/H, H=Z 2 xH, HcAut(g) 



(4.34) 



(4.35) 



where the Z 2 permutes* 4 the two copies of g. The twisted representation matrices 7^( r w(T, a) 
%i(r)n(T, cr) are the ordinary orbifold matrices in Eqs. (|4.25b[) . (|4.25c|) . with T any rep of g. 
Moreover, the extra orientation-orbifold factor (—1)" in the matrices T(T,a) (see ()4.33c|) ) 
can be removed with the identity (jA.2c|) . and one finds that the n-point correlators of the 
redefined twisted affine primary fields 



g(T(T, a), {z}, a) = jj(T(T, a), z, z, a)(l ® r 3 ) 



(4.36) 



satisfy exactly the same chiral orbifold KZ system as the corresponding 2n-point space-time 
orbifold correlators of A g ^ g (H) / H with the twisted representation matrices in (J4.34|) . 

Put another way, our twisted KZ equations (and their global Ward identities) are "dou- 
bled" but ordinary chiral orbifold KZ systems (although the open-string system comes with 

t 4 The characteristic matrices tjj{&), j — 0, . . . , fj(c) — 1 of the permutation orbifolds [13-15] reduce 
precisely to tq and t\ for Z2 cyclic orbifolds. 
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other constraints such as the world-sheet parity and the constraint (|4.29a|l ). The Giusto- 
Halpern open-string KZ system (|4.28|) is similarly an ordinary chiral KZ system on 2n 
variables, so one may expect that more general twisted open-string KZ equations will also 
be of the orbifold type. 

In spite of the apparent simplicity of the orbifold form ()4.33|) of the twisted KZ equa- 
tions, it is not useful computationally because the super-index notation masks important 
structure. 

5 More About the Case h 2 a = l 
5.1 Overview 

In what follows, we further discuss the relatively simple open-string orientation-orbifold 
sectors with h 2 a = 1. In this case, many of our results above simplify, including the following: 

u{K? = 1, |je{0,i}, x(r,u)€ {0,1,1} (5.1a) 
W(K-Tf = \ |M G { ,i}, E*(T,a) = E(T,a) (5.1b) 
E(T, a)T n{r)lM (T, a)E(T, a) = (-l) n ^T n{r)fl (T, a) (5.1c) 



z 

f(z,w,x = 0,%) = 1, f(z,w;x = l) = — (5. Id) 

z — w z 

h(z,w;x = 0) = l, h(z,w;x = h) = , h(z,w;x = l) = — (5.1e) 

2w w 

it i w i w fwyiw) ( 1 x(r,u)\ 

{Jn(r)[m{Z, V)Jn(s)uv{w, <T)) a = ( — J 7 H X 

\zJ \{Z — WJ Z Z — WJ 

) (5-lf) 

A t \ c 9 2fcdim g 

An cr = — i c a = — — 5.2a 

ov ' 16 9 2k + Q s v ' 

dim[ra(r) = 0] + dim[n(r) = 1] = dimg . (5.2b) 

The twist-field conformal weights in Eq. (|5.2j) are given only for the special case (|3.37j) 
when g is permutation-invariant. 

The open-string sectors with h 2 a = 1 can also be divided into the basic open-string 
sector with h a = 1 and n{r) = only (see Subsec. 5.2), and the generic cases with h a ^ 1. 
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For the generic cases the integral affine subalgebra takes the form (|3.27|) : 

[«/o )A »,o(m), Ji,v,i(n + 1)] = iFo^xv 1 ' 5 ( cr )JiAi( m + n + 1 ) (5.3b) 
[J w (m+1), Ji,u,i( n + 1 )) = i^i,n;i,u' S (o-)Jo,s,o(m+n+2) 

+ 2(m+l)5 m+n+2 ,oSi,^i,u{ (7 ) ■ ( 5 - 3c ) 
In this case, the global Ward identities (4.24d,e) may also be written as 

A a Q n{r)lI (T,a) = 0, V/i,n(r) = 0,l (5.4a) 
Q 0M (T )( x) = ^ (T 0M (T« a)® 11+ l®%,{f^\a)) (5.4b) 

Q^(7» = (^rt^^i-toVr'VlTf) (5.4c) 

[Qn(r)^(^", O")) Qn{s)v(T, a)] = iFnir)^*)^^^' 6 ( a )Qn{r)+n{s),s{T , (5.4d) 

so that the twisted correlators are singlets under the residual symmetry algebra (|5.4djl . 
Moreover, each term in the twisted KZ equations contains only the four terms corresponding 
to n(r) = 0, 1 and u = 0,1. 

5.2 Example: The Basic Open-String Sector h a — T\ x 1 

We give here further details in the case of the single twisted open-string sector-'' 5 of the basic 
WZW orientation orbifold on Lie g. In this case, the orientation-reversing automorphism 



T\ x 1 is nothing but the action of world-sheet parity itself: 

K = l: Lu(h a ) = W(h a ,T) = W(h a ,f) = t, p(a) = l (5.5a) 

J^J, g(T,z,z) <- g(T,z,zf. (5.5b) 

Then the general eigendata above reduces to the following 

U(a) = U(T, a) = U P {a) = 1, E(a) = E(T, a) = t, x (*) = 1 (5.6a) 

n(r)fj,u — > au : n(r) = 0, \i = a = 1, . . . , dim g, u = 0, 1 (5.6b) 

N{r)jj,u — > aw : iV(r) = 0, /i = a = 1, . . . , dim T (5.6c) 



^ 5 TIiis open-string sector can also appear in other orientation orbifolds with many sectors. 
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Gn(r)iJ,u;n(s)vvyJ) * Gau;bv ^^u+v,Q mod 2G ab , G ab = ®ikiVa(i)b(i) (5.6d) 

a(I)b(I) 

T n[r) ,, n{s)v ^{a) - = © //a c ( % (/) , £^" (s) >) - Lf = ©/^^ (5.6e) 

%i(r)nu(T) - T au (T) = T a r u , r n{r)ilu {f ) - T au (T ) = f a (-l)V tt , T a = — T* (5.6f) 

[T a ,T b ] = */ ab c T c , j/(r,«) = f, /(*,«;; j/(r,u)) = 1 (5.6g) 

where G a b and f a b c are the generalized Killing metric and structure constants of g, and T 
is any matrix rep of g. In what follows we give results exclusively in the one-sided or chiral 
form of Subsec. 4.4, and we will drop most a labels since we are working in a single fixed 
open-string sector. 

The explicit form of the twisted operator algebra in this sector is 

1 

L u (m+f) = \Lf ■Jav(p+%)Jb,u-v(m-p+*?): M +S m+h0 A (a) (5.7a) 

Jbvin+l)} = tf ab c j CjU+v (m +n +^) + 2(m+%)8 m+n+ up fi G ab (5.7b) 
[L u (m+$),L v (n+%)] = (m-n+^)L u+v (m+n+^) 

+ ^ +n+ H±,, %(- + !)((- + !) 2 -l) (5.7c) 

[L u (m+|), J av {n+l)} = -{n + Q j a , u+v (m+n+^) (5.7d) 
[L u (m+%),g(T(T, a), z, z, a)] =g(T(T, a), z, z, a)r u ({dz+(m+^ + l)D g (T))z m ^ 

+ (-l) u (dz + (m+% + l)D g (T))z m+ %) (5.7e) 
[j au (m+%),g(T(T), z, z)\ = g(T(T), z, z) (T a r u z m+ % + f a {-l) u r u z m+ ^) (5.7f) 

D 9 (T) = LfT a Tb = LfT a T b , A (o) = c g = £ (5.7g) 

where D g (T) is the conformal weight matrix of rep T under the affine-Sugawara construction 
on g, and A (o") is the scalar twist-field conformal weight of the sector. 

Moreover, the twisted vertex operator equations of the basic sector have the simple 
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form: 

i 

d~g(T(T), z, z) =Lf ■ Jau{z)~g{T{T), z, z) : M T b r u 



M=0 



d~g(T(T), z, z) =Lf ■ Jau(z)~g(T(T),z, z) : M T b (-l) u r u 



u=0 



+ knn z, z) ( 1 -} z JT L t T « ® t> - ) • ( 5 - 8b ) 



As a check on these equations, we have used the commutators (|5.7e|) and ()5.7t]) to compute 
(d+B)g from the mode form of L a {— 1) in (J5.7aj) 

(d + d)~g(T,z,z) = [L a (-l),~g(T,z,z)} 
i 

= L tH- (jau{z)~g{T, z, z)T h + J au (z)~g(T, z, *)T 6 (-1) U ) : M r u 

+ | C r,^,{ ; i i ((£)»-(!)»)ir r .. 1 l-S£2(i + |)} ( , 9) 

finding after some algebra that the result agrees with the sum of the twisted vertex operator 
equations in Eq. ()5.8|) . 

Finally, the explicit form of the twisted KZ equations and the global Ward identity is: 

d l A u {T, z, z) = A a (T, z, z)Wi(T, z, z), d l A a (T, z, z) = A a (T, z, z)Wi(T, z, z) (5.10a) 



1 r — 

Wi(T, z, z) =Lf £ E pY-^rWrW (8 if t« 

n ■ , ■ \ Z% J Zi Zj 



+ ~ 



— 



I (^/ z *) 5 . L «6 Ta (i) g, j -«) _ J-L> 9 (T») (5.10b) 
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•^2 / ^2 



+ 1 W*> L ab T ® j -W _ -Ld s (T®) (5.10c) 



i ff (r(r),f,^)£(T«®l+l®rW) = 0, a = l...dim#. (5.10d) 

i=l 

In this case, the global Ward identity in (|5.10d|) has the standard form found in untwisted 
chiral KZ theory. One must also enforce the Ti-constraint ()4.14j) and the world-sheet parity 
(|4.16)l . (|4.17jl . We refer the reader to our discussion (see Subsec. 4.3 and App. C) of 
redundancy in these systems. 

5.3 Example: The Open-String One-point Correlators for all h 2 a = 1 

The twisted one-point correlators of open-string sector h a 

A a (T(T, a), z, z) = (|(T(T, a), z, z, a)) a (5.11) 

are in fact pinned three-point correlators - counting the scalar twist fields. In this subsec- 
tion, we solve the twisted KZ systems of these one-point correlators for all h 2 = 1. 

For the basic open-string sector with h a — 1, the one-point correlator satisfies the 
following twisted KZ system: 

A a = A a {T{T), z, z) = (jj(T{T), z, z)) a (5.12a) 



dK = A a ( 1 &f /2 L?T a ®f b - ^22 ) (5.12b) 



Bi=i(^M^ LfTa ^ b _?m (5 , 2c) 

A a (T a ®t+ l®f a ) = 0, o = l... dim # (5.12d) 

A a T X ®n=A a (5.12e) 

i CT (T(T), z, zf = A a (T(f ), 2j z)t 3 ® r 3 . (5.12f) 
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Here Lg b is again the inverse inertia tensor ()5.6e|) of the affine-Sugawara construction [6,7,31- 
33,12] on g and D g (T) is the conformal weight matrix ( 5.7g ) of rep T of g. 

The solution of this system is 



A a (T(T),z,zr^ = C {u+v) (T)5^(\z\- D ^ T \(V^+ V~z) 2 ) L ° bTa ® Tb ) 



aj3 
j5 



C (U+V) (T)5^ S ((\z\(V^+^) 2 r D3{T) )^ ( 5 - 13a 



7<5 



A a (T(f),z,zr u ^ = C [u+V) (f )5^{\z\- D ^\(^z + ^zf) L ^ Tb )^ (5.13b) 



7<5 



C {u+V) (f)6^ s ((\z\(V~z+ v^T^C (5.13c) 



C {w) {f) = (-iyC {w) (T), u,v,we {0,1} (5.13d) 

where the Kronecker factor 5 7<5 enforces the global Ward identity in (|5.12dJ) . The form 
C(u+v) of the constant multiplier enforces the T\ constraint ()5.12e|) . and the relation in 
f!5.13d|) enforces the world-sheet parity (j5.12f|) . We note in particular that (in contrast to 
the normal situation in ()4.19c|) ) the matrix T a in Eq. ()5.13b|) acts on the left index 7 of the 
Kronecker factor. This solution has trivial monodromy and is symmetric under z <-> z. 

For the generic open-string sector with — h a 7^ 1, the twisted KZ system for the 
one-point correlator is: 

d~A c = A a ( 1 ~^f /2 (c°J(^(a)%,(T,a)^% u (f,a) 

-C^(a)T lfl (T,a)^T lv (f,a)) - ?ML^l) (5 .l4a) 



x ( 1 — (7/7) 1 / 2 / 
dA a =A a { _ l _ 7 J (l%g>)7^(r, a)®% v {f, a) 



-£^{o)T ltl {T,o)®T lv {f,o)) - ^ (CT)( ^ T;a)) ) (5.14b) 
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= U(T, a)D g {T)U\T, a), D g (T)=LfT a T b (5.14c) 

A a (T(T,a),z,z,a)Q n{r) ^T,a) = 0, V/i, n(r) = 0, 1 (5.14d) 

Q n(r)M (T(T, a), <t) = T n (r)n(T, a) ® 1 + (-l) n(r) ll ® T n(r)/1 (f , a) (5.14e) 

1 CT (T(T, a), z, ^, t7)n ® Ti = i CT (T(T, a), z, z, a) (5.14f) 

1 CT (T(T, a), z, z, a) 1 = A a {T(T, a), z, z, a)r 3 ® r 3 . (5.14g) 



Here 2}g(<j) is the twisted conformal weight matrix and we have noticed in (I5.14e|) that, 
in the case of the one-point correlators, the Ti's c an be stripped from the Q\ u global Ward 
identity (|OcJ) . 

In spite of the apparent complexity of Eqs. (|5.14aj) . (|5.14b|) . the connections can be 
simplified by using the global Ward identities (j5.14d|) to eliminate T(T) in favor of T(T). 
This leads to the simple solutions 

A a (T(T, a), z, z, a) = (g(T(T, a), z, z, o))„ 

= C(T(T,a)) (\z\(^+ Vi) 2 )-^) (r(T ' CT)) (5.15a) 

C ( T ( T ^n(t)mn(s)w = c (u+v) (T(T)) N ^ N{s > (5.15b) 

C u (T(f = {-l) u C u {r{T)) N{s) ^ N ^ (5.15c) 

C(T(T))Q n(r)lx (T(T, *),*) = 0, V/i, n(r) = 0, 1 (5.15d) 

each of which has trivial monodromy and z «-> z symmetry. The reduced form of the global 
Ward identity in Eq. (|5.15d|) tells us that the constants C are singlets under the algebra of 
Q (which is the same as that of Q in (|5.4djl ). However, because many different open-string 
sectors are involved here, we have not further analyzed this condition. 

We remind the reader that in the special case (|3.14j) of a permutation-invariant system, 
the twisted conformal weight matrix reduces to 

V m {T{T,a)) = D g (T) = A 9 (T)1 (5.16) 

where A (T) is the conformal weight of rep T of g. 
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6 Classical and Free-Boson Avatars 



6.1 The Classical Limit and Clashing Monodromies 

The classical (high-level) limit of the twisted affine primary fields are the so-called group 
orbifold elements, which satisfy the classical system: 

dg(T, z, z, a) = g(T, z, z, o)J(T, z, a), Bg(T, z, z, a) =- J(T, z, a)g(T, z, z, a) (6.1a) 



j(T, z, a) = g n{r) ^ n{s)vv (a)J nir) ^{z, a)T n{s)uv (6.1b) 

J(T, z, a) = G n{r) ^ n{s)uv {a)J n(r) , u {z, a)f n{s>v (6.1c) 

Jn(r),u(z,cr) = 4(r)^(™ + ^g + !K (m+ ^ +|) ~ 1 (6.1d) 
meZ 

gn^mCH^) = ^6 u+vfimod 2 ^W^W"(«t) (6.1e) 

%i(r)^u = T n ( r )n(T, a)T U} T n {r)im = %i(r)n(T,a)( — l) U T u (6. If) 

9(X(T, cr), z, o-y = r 3 g(T(T, a), z, z, a)r 3 (6.1g) 

gx(T, z, z, a)g 2 (T, z, z, a) = g 3 (T, z, z, a) . (6.1h) 

The classical equations of motion in ()6.1a|) are the high-level limit (C — > Q'/2) of the 



twisted vertex operator equations (|3.10jl . where the Q* in (6.1b,c) is the inverse of the total 
twisted metric in Eq. ([3.7)1 . The quantities J, J are the classical twisted matrix currents, 
and Eq. p.lgQ is the behavior of the group orbifold elements under the level-independent 
world-sheet parity (|3.8b|) . We also assume that the group orbifold elements form a group, 
and the relation in (|6.1h|) expresses the requirement that the product of any two group 
orbifold elements is in the group. 

In the classical limit, we also find the twisted tangent-space form [TB*! 1221 12H] of the 



group orbifold element: 

g(T,z,z) = e ixa ^ z)Ta (6.2a) 

x a (z,z)' = -x b {z,z)u{h a ) b a , a=l...tiamg (6.2b) 

x a0 (z, z) = x a (z, z), x al (z, z) = -x a (z, z) (6.2c) 

X n ^(z, z, a) = x ai (z, x^{M, z) (6.2d) 

g{T(T, a), z, z, a) = e ix ° W 1 *)^*) . (6.2e) 
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Starting from the tangent-space form of the untwisted group element g(T) in ()6.2a|) . one 
may easily check with Eqs. (j6.2b|) and ()2.5e|) that the action (|2.5b|) of the orientation- 
reversing automorphism on g(T) can now be written in the classical form (J2.7)) . Moreover, 
the twisted tangent-space form of g in ()6.2e|) realizes the group multiplication (J6.1hj) because 
the total twisted representation matrices satisfy the total orbifold Lie algebra go(o~) in 
Eq. K|. 

The twisted tangent-space form of g also allows us to write the action (|3.8b|) of world- 
sheet parity on the group orbifold element in the alternate form 

g(T(T, a), z, z, a) 1 = e !i " W "" (v " )7; '(*» (f ' CT)t 

= e -iC ir) » u (z,z)T n(r)lMU (T,*) = g -^(T(T, a), z, z, a) (6.3a) 

9~ X W> a), z } z, a) = r 3 g(T(T, a), z, z, cr)r 3 (6.3b) 

<£> x^ r)flu (z, z) = (-l) u+1 x^ r)t " u (z, z) (6.3c) 

where we have used the transpose identity in (|2.21|) to obtain Eq. ()6.3a|) . We emphasize 
that the forms in ()6.3b|) . (j6.3c|) show world-sheet identifications for each T(T), so that if 
desired, one may restrict attention to the upper half-plane. 

We turn next to the question of monodromy. The monodromies of the classical index 
currents 

Jn(r)^u(ze 2m , o-) = e- 2m{ ^ + 2 ) J n(r)lMU (z, a) (6.4a) 

Jn{r)„u{ze-^\ o-)=e 2m ^ + ^J n(r ^ u (z, a) (6.4b) 

are the same as the operator index currents in ()3.6a)l . so the monodromies of the matrix 
currents are 

J(T(T, a), ze 2 ™, a) = t 3 E(T, a)J(T(T, a), z, a)E*(T, a)r 3 (6.5a) 

J(T(T, a), ze~ 2 ™, a) = r 3 E*(T, a)J(T(T, a), z, a)E(T, a)r 3 (6.5b) 

where E(T, a) is the eigenvalue matrix of the extended if -eigenvalue problem in Eq. (j2.16|) . 
Here we have used the T-selection rule ()2.2()ej) and the identity ()A.2c|) to translate Eq. ()6.4j) 
into Eq. (1631) . 

We also find that the twisted matrix currents are related by world-sheet parity as follows 

J(T, r, £, a) = J{T, z = re*, a), J(T, r, f , a) = J(T, z = re~*, a) (6.6a) 
J(T, r, t a) = r 3 J(T, r, a)r 3 (6.6b) 
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where r = \z\. Then the twisted current boundary conditions on the real axis 

J(T,r,0,a) = r 3 J(T,r,0,a)T 3 (6.7a) 
J(T(T, a), r, 7T, a) = E*(T, a)J(T(T, a), r, tt, a)E(T, a) (6.7b) 

follow from Eq. (J6.6p and the monodromies (|6.5|) . 

The general solution to the classical PDEs in (jQTTaj) is 

g(T, z, z, a) = 0(T, z, a)g(T, 0, 0, cr)f2(T, z, a) (6.8a) 

PZ PZ 

fi(T, ^ a) = £> exp( / tfe' J(T, z', <r)), fi(T, z, a) = O* exp(- / ^'J(r, z , <r)) (6.8b) 
Jo Jo 

n(T(T, or), ze 2 ™, a) = r 3 £(T, a)Q(T(T 7 a), z, cr)E*(T, <j)t 3 (6.8c) 
fi(T(T, a), ze- 2w \ a) = r 3 E*(T, a)tt(T(T, a), z, a)E(T, a)r 3 (6.8d) 

where O and O* are ordering in z and anti-ordering in z respectively. 

We next inquire when it is possible for the group orbifold element to satisfy world-sheet 
parity (|3.8b|) with a definite 2tt -monodromy. The necessary and sufficient conditions for 
this are the boundary conditions at the origin 

g{T{T, a), 0, 0, of = r 3 g(T(T, a), 0, 0, a)r 3 (6.9a) 
g-\T(T, a), 0, 0, a)E(T, a)g(T(T, a), 0, 0, a) = E*(T, a) (6.9b) 

which gives the 27r-monodromy: 

g(T(T, a), ze^\ ze 2m , a) = r 3 E*(T, a)g(T(T, a), z, z, a)E*(T, a)r 3 . (6.10) 

But this monodromy violates the group multiplication (j6.1h|) - unless in fact 

E*(T,a) 2 = 1 (6.11) 

which implies h 2 = 1. The same conclusion is seen immediately on expansion of g on both 
sides of Eq. (|6.10j) . using the twisted tangent-space form ()6.2e|) at leading order in x. 

We emphasize the central role in this argument of the clashing monodromies of the 
twisted currents in Eqs. ()6.4j) . (|6.5jl . which tell us that the group orbifold elements of the 
open-string sectors cannot have a definite 27r-monodromy when h 2 ^ 1. Indeed, one easily 
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checks near the origin 

g(T, z,z,a)~l + ix n a ^ u (z, z)T n{r)llu (6.12a) 

dx n J^ u (z, z) ~ -iQ n ^ u ' n{s)vv {a)J n{s)vv {z, a) (6.12b) 

dx^ u (z, z) ~ i ^(f)M«^«)^( t7 ) J n(a)w (f , a) (6.12c) 

d<9^ r > u (z, z) ~ (6.12d) 

that x and hence g have mixed monodromy for h 2 ^ 1, with terms reflecting the mon- 
odromies of both J and J. Because the left- and right-mover currents of open strings are 
constructed from the same set of current modes, such clashing current monodromies and 
mixed monodromies of g and x are also expected in more general twisted open strings. 

The arguments above substantiate the intuitive notion that definite 27r-monodromy is 
not a natural concept for open strings. The surprise here, on the other hand, is that the 
open-string sectors with h 2 — 1, E(T, a) 2 = 1 can be described by the definite monodromy 

g(T(T, a), ze~ 2 ^, ze 2m , a) = r 3 E(T, a)g(T(T, a), z, z, a)E*(T, a)r 3 (6.13) 

which would in fact be obtained by local isomorphisms from the automorphic response 
(|2.24b|) of the eigenfield S- On the basis of this observation, we will return elsewhere jSl] to 
a more complete classical description of WZW and sigma-model orientation-orbifold sectors 
with h 2 — 1. 

We close this subsection by discussing the monodromy relation ()6.1()j) vis-a-vis the one- 
point correlators of the previous subsection. In the case E(T,o~) = 1, the monodromy 
()6.10|) gives the additional constraint on the basic one-point correlators of Subsec. 5.3 

A a (T(T),ze- 2m ,ze 2m ) = A a (T(T),z, z){t 3 ® t 3 ) (6.14) 

which is satisfied only when we further choose the constant in the solution ()5.13a|) as: 

tf (1) (T) = 0. (6.15) 

For the generic one-point correlators in Eq. (|5.15|) . the monodromy (|6.1U|) with E 2 (T, a) = 1 
gives the constraint 

A a (T{T, a), ze~ 2m , ze 2 ™) = A a (T(T, a), z, z){r 3 E*{T, a) ® r 3 E*(T, a)) (6.16) 
which holds iff we choose the constant matrix C(T(T)) to satisfy: 

C(T{T)) N{r) ^ N{s)uv = unless u + v + N(r) + N(s) = mod 2 . (6.17) 
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To see that this condition is sufficient, one needs the identity 



E*(T,a)V~ s{a) (T(T,a))E*(T,a) = V i{a) (T(T,a)) (6.18) 

which follows from the selection rule (j5.1c|) because the twisted conformal weight matrix 
Dg( CT )(T) in (|5.14c|) is quadratic in T. The consistency of the classical monodromy (|6.10|) 
with the one-point quantum correlators is in fact more than we would have expected, since 
only the constant factors survive in the high-level limit. 



6.2 Example: Free Twisted Open Strings on Abelian g 

As simple examples of our construction, we turn next to the open-string sectors of the 
orientation orbifolds on abelian g. 

When the original Lie algebra g is taken to be abelian, the approximate equations (jd 12j) 
found near the origin for x n ( r )A™ become the exact description of a twisted free boson system 
ddx = 0: 

/"tab 

f ab c = 0, Lf = —, g = e ixaT % [T a ,T b ]=0 (6.19a) 
x a (z,z)' = -x h {z,z)w\h a ) b a , a, 6=1... N, c = c = N (6.19b) 
=>F = 0, £* = y, 9 = e i£n(r) " UT ^, [T n{r)lMU ,T n{s)uv ] = (6.19c) 
c = 2N, dim[n(r)] = iV . (6.19d) 



Here the relations among the various coordinates are the same as those given in Eqs. (|6.2cjl . 
(16. 2d)) , and the twisted abelian "momenta" T are still related to the untwisted abelian 
"momenta" T by the same formula (|2.26aj) . 

For pedagogical purposes, we continue our discussion of these twisted free-boson systems 
in Minkowski-space (£,£), where the equations of motion take the form: 

z -> e l(tH) , z -> e l{t ~^ (6.20a) 

K(r), u = Gn(r)»u M s>v(a)K {s)uv = 2£ l(r) „_ n(0 >)z; n <'>'- u (6.20b) 

3t*«(r)M«(&*) = Jn { r),u(Lt,a) + (-1)^ j n(r)fiu (-^ t, a) (6.20c) 

d^ n{r) ^,t) = J n (r)^,t,a) + (-l)V rt(rVu (-e,t,a) (6.20d) 

J n{r) » u {t,t,a) ee Yl ^(^ + ^ + !)e" l(m+ ^ +t)( ' + ° (6.20e) 
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Jn(r)nu(Z + 2vr, i, a) = e - 2m( ^) + ^ J n(r)AMt (£, t, a) (6.20f) 
{dl ~ dlK (r) ^,t) = 0, x^ u (-^,t) = (-lT +1 x° l{r)fMU (Z,t) . (6.20g) 

The world-sheet parity of the string coordinate x in ( 6.2Ug ) shows a particularly transparent 
form of the world-sheet identification £ <-> — £. Since the free-boson dynamics is linear, we 
may consider the system ()6.20|) either at the operator level, including the orbifold Virasoro 
generators and twisted current algebra 

L u (m+f) = (6.21a) 

i^ (r)w -* r) >)££:£<^ 

v =o p<=z 

[^n(r)At«(^+^y + |), Jn(s)uv(n + j^ + % )] = 

= ( m +f[^y + f 1^ i n i n(r-)+n(s) | u+v Q ( 2(5 M+t) ,Q mo d 2 ) Gn(r)fi; -n(r) ,u (c ) 



(6.21b) 

or at the classical level by ignoring normal ordering and replacing commutators with brack- 
ets. 

The partial differential equations ()6.20c|) . (j6.20d|) and the J monodromy (|6.20fj) imply 
the following boundary conditions or orientation- orbifold branes for the free bosons on the 
strip < £ < 7r 

(d t x n /^°)(0,t) = 0, (d^ n J r ^)(0,t) = (6.22a) 
cos(^7r)(^W^)(7r ) t) -ism(^7r)(dsx^n(*,t) = (6.22b) 

so that, for example, the n(r) = free bosons x°J iU are Dirichlet-Dirichlet and Neumann- 
Dirichlet* 6 for u = and u = 1 respectively. For ^| = 1, the bosons x^ a ^ 2 '^' anc l 
^p(o-)/2,/i,i are ]3j r ichlet-Neumann and Neumann- Neumann respectively. In the generic case 
(when n{r) is not equal to or the boundary conditions at £ = tc are mixed. 

Moreover, we can explicitly solve the PDEs in (J6.2U)) (or the wave equation in (|6.2(Jg) 



with the boundary conditions ()6.22j) ) to obtain the free bosons in terms of the twisted 
current modes 

= 2{4o(0)£+ £ ^^e- imt sm(mO} (6.23a) 

m^O 



^Half-integer moded scalar fields [5] and the corresponding free twisted open strings with N-D or D-N 
boundary conditions [351 136j are well-known as the first examples of twisted sectors of orbifolds. 
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£p( CT )/2, M ,l(£>*) = Q P (<t)/2,h,1 + 2J p ( CT )/2,^l(0)t + 

+ 2i y J P (a)/2,,i (m + 1) e _ i(m+1)t cQs((m+ 1)0 (6>23b) 



...+ 

TO^c — 1 



* : W ') = 2 £ 1^ ^ "" + ^* (6.230) 



' " ' " ,HV - " 7 , n(r) 

^( r )^pM : x^ (rW (^t)=g n(p)M) i + 

+a E Wm^,) e _ i(m+ g 3+i) » cos((m+ „g) + , )0 (623d) 

meZ m +^y + 2 

where the form in Eq. (|6.23b|) applies only when the order p(a) of h a is even. To obtain 
these results we have also imposed the world-sheet parity in ( |6.20gD , whose only effect is to 
set (£, £)-independent terms q to zero when u = 0. The expansions in (j6.23|) are immediately 
recognized as twisted open strings"'" 7 . 

At this point, it is helpful to note another algebraic requirement on the coordinates of 
the twisted open strings 

= ^^"(e^ffi+V™ + (_i)i*V(«H-$+!><*-€>) (6 _ 24) 

which follows from the abelian analogue of Eq. (|3.22b|) . We find that the mode expansions 
()6.23|) are consistent with Eq. ()6.24j) only when we choose the [J, q] commutators as: 

n(s) ^^1: [J n(r)Atu (m+^ + |),g n(sM ] = (6.25a) 

[Jn(r) P u{m + ^A + f),q p{a )j 2 ^l\ = -2^n(r)/.n;p( ( 7)/2, l /,l( Cr )^ m +^i + i 

rv ' p(o-) 2 ' 

= -4z5 u+li0mo d 25 n(r)+£ M, mod p( CT )^-£M )W £M |V (o-)^ TO+ ^r) + |,o • (6.25b) 

Jacobi identities then tell us that the twisted currents commute with the commutators of 
any two <f s. 

To study the twisted open strings further, we will also introduce the twisted momenta: 

Vn{r)^{Lt) = -L^ (r)/w (£,t) = -L(j n{r) ^ t ) + (-l) U+1 J n (r )fM (-Lt)) . (6.26) 



^As argued above, the twisted open strings have mixed monodromy when ^fcy is not equal to or ^ 
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With this definition and the mode expansions ()6.23|) . we find after some computation the 
following quasi-canonical equal-time algebra on the strip < £,77 < n: 

vv 

(v,t)} 

(-i) u+1 ( _ \ 

= — 2T — Gn(r)»u-,n(s)vv((T)dt{sm{(£, + r))y{r,u)) 6(£ + 77) J (6.27a) 
[x n ^ u ^,t),p a n{s>v (v,t)] 

= iS n{s>v n ^ u (s^ + cos((^ + V )y(r, it)) 5(f + v)) (6.27b) 

r if ^ = 77 = 0, 

K {r ^ u {£, t),x™ {s)uv {v, t)} = -2ng n ^ u ' n ^ uv (a) I sin(27r^) if f = 77 = tt, (6.27c) 

[ otherwise, 

^n(r) w „ (s ) w((7) = i 5u+ti 0mod 2 g«W^(^ ((T)) ^ M ) = + I . (6 .27d) 

The 5(f + 77) terms in (jfi~27a| . (j6~27bjl are familiar (see e. g. Ref. [23) as interactions of 
charges in the strip with image charges outside the strip. Moreover, Eq. (|6.27cj) defines a set 
of new non- commutative geometries, which generalize known [37-41,24] non-commutative 
open-string geometries. (The non- commutative geometries in f!6.27c|) are realized at van- 
ishing twisted B field, and moreover the geometry is commutative for n(r) = 0,4^, which 
includes N-N, D-D, D-N and N-D boundary conditions.) 

To obtain these results, we used the summation identities in App. A and the following 
[q, q] commutators (for all n(s)): 

[QeM. ifl>v Qn(s)ui\ = (6.28a) 
n(r) ^ £M : [g„( r j Ml , q n ( s )ui} = 47r£ n(r)At i ;n(s)i ,i(a) tan(vr^) . (6.28b) 

Following Ref. [21]; this choice is necessary to insure that the [x,x] commutators are zero 
(i. e. canonical) in the bulk* 8 . We call attention to the only non-zero commutator in 
Eq. (16~2%J) 

n(r) ^ [q n {r)niA-n{r),ui] = 87r^ n(r)At ._ n(r)i; ,(cr) tan(vr^Q) (6.29) 

which, so far as we know, is a novel feature of this construction. 

any of the commutators in 1|6.28[> are relaxed (e. g. choosing the commutator (|6.28b|) to vanish) , the 
corresponding [x,x] commutator is shifted by an overall constant, and is therefore no longer canonical in 
the bulk. 
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The simplest examples of our twisted open-string sectors are obtained by starting from 
a single (closed-string) free boson x(£,t). We mention first the basic orientation- reversing 
automorphism 



c = N = l, x(f,t)' = -x(-f,t), u(K) = l, p(a) = l, ,n(r) = (6.30) 



which orbifolds to an open-string sector with the twisted bosons x® 0u {!;,t), u = 0, 1 and 
c = 2. These twisted bosons have boundary conditions D-D for u = and N-D for u — 1. 
Another example is the automorphism 



c = N=l, x(£,t)' = x(-£,t), u)(h a ) = -l, p((t) = 2, n(r) = l (6.31) 



which orbifolds to an open-string sector with the twisted bosons x^ 0u (^,t), u = 0, 1 and 
c = 2. In this case the boundary conditions are D-N for u = and N-N for u — 1. This 
second situation is not an automorphism in the non-abelian case. 

6.3 Closed- and Open-String Descriptions of Open WZW Strings 

We close this paper with a brief taxonomy of open WZW strings, untwisted and twisted, 
with emphasis on the distinction between open-string orientifold sectors and our new open- 
string orientation-orbifold sectors. 

The open-string sectors of conventional WZW orientifolds [25-27,42-55] arise by tadpole 
cancellation in unoriented closed-string theories, and do not involve fractionally-moded 
fields. In the closed-string picture of open WZW strings, the WZW orientifolds are included 
in the study of boundary states |56} 157] constructed from the general left- and right-mover 
untwisted current modes: 



Correspondingly, in the open-string picture |58} 159] of open WZW strings j2l] , the blocks 
of the WZW orientifolds are included in the general untwisted open-string KZ system 



(J a (m) + w a b J b (-m))\B) =0, w G Aut(g) . 



(6.32) 



[J a {m), J b (n)] = ifabJAjn + n) + G ab m8., 



'm+n,0 



(6.33a) 



[J a (m),~g(T, z, z)\ = g(T, z, z)(T aZ - m + fj~ m ) 



(6.33b) 




(6.33c) 




(6.33d) 
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n 



F^2(T®®1 + 1®T®') =0 



(6.33e) 



t=i 



T' a = w a b T t 



6, iu e Aut(g) 
ci [T a iT b ] = ifab C T c 



(6.33f) 



[T a ,T fe ] =z/ a6 c T ( 



(6.33g) 



where w^l describes systems which are T-dual to the case w — 1 discussed explicitly by 
Giusto and Halpern |24| . 

On the other hand, the new twisted open-string sectors of our WZW orientation orb- 
ifolds will be included in the study of boundary states constructed from general left- and 
right-mover twisted current modes [13] 



where w G Aut(g(a)) is any mode-number-preserving automorphism of the twisted right- 
mover current algebra. Correspondingly, these new sectors can be described in the open- 
string picture by generalizing the Giusto-Halpern construction to include twisted open 
WZW strings. 
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( 



■U)M + 2$) + w(n(r), ayj n[r))U (m + $})) \B) = 



(6.34) 
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A Useful Identities 



We collect here some identities 

TipjTi = 1- Pi = (ri)/pj (A.l) 

1 1 

V2j2uJUpjtf =t u , V2^2uJU{l-pj)W = (-l) u r u , u = 0,l (A.2a) 

7=0 7=0 

1 

V^Y.uJuJiU^r = 5 U+V+W , 0mod2 (A.2b) 

7=0 

r 3 r u r 3 = (-l) u r u (A.2c) 

i(^)^ Efl ( ra+ ^ +! >o)(^) m 

= -(-) J2°( m u )>°)(-) ( A - 3a ) 

Z \ Z / \ Z / 

m'eZ 

= f-) S(r ' U) — f 1 + — fl(i/(r,«) > 1)1 , \z\ > \w\ (A.3b) 
\z/ z — w \ w J 

V(r,y) = ^ + l 0<y(r,u)<l-^<l m = m + [^\ + LfJ (A.3c) 
which we found useful in the development of the text. 

For the free-boson computations of Subsec. 6.2, we also needed the identities: 

-v))S{£-v)=0, 0<Z, V <n (A.4a) 

™^(Z-V)m-V)=m-V), 0<£,?7<7r (A.4b) 

sin(^(£ + 77))^ + V) = except at £ = *7 = vr (A.4c) 

cos((ra+l)£) cos((m+l)r]) = — sin(m^) sin(m^) = (A.4d) 

t—' m + 1 ' m 

n(r) ^ 0: £ -J^ sm((m + ^ )£) sin((m+=g )„) = 

€+ , r if e = ^7 = 

= tt jf drf *n($rf)6(Tf) = f sin(^) if £ = ^ = vr (A.4e) 

I otherwise 
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n(r)^: £ i__ cos (( m+ ^) + cos((m+^ + 

meZ m +p(,T) + 2 

= -vrtan^f}) -vr ^ + "+^ ")^'sin((^+|V) *(,/) (A.4f) 

{0 if £ = 77 = 

fsin(2vr^) if £ = r, = vr . (A.4g) 
otherwise 

Following standard procedure in distribution theory, all sums here were defined by tem- 
porarily inserting a smearing function exp(— em 2 ), e — > 0, and in particular the smearing 
function was used to rearrange the conditionally convergent (cos • cos)-type sums. More- 
over, the sum 

n(r)^^: + £ - _ !) T iv, = + £)) =7rtan (^) (A.5) 

meZ m lp(<r) + 2 J 

was evaluated by a standard contour trick. 



B Orientation Orbifolds in the Standard Orbifold Notation 

As mentioned in the text, the major results of this paper can be expressed in the standard 
notation of the orbifold program [3J EI] . In this notation, we write the total action of 
each orientation-reversing automorphism h a = t\ x h a as 

J ai (z)' = io{h a ) ai bJ J b j{z), g(T,z)' = W{h a ;T)g{T,z)W\h a ;T) (B.la) 
Cj{K) = ri®u;(/i CT ), W(ha,T) = n®W(h a ,T) (B.lb) 

where J and g are respectively the two-component currents and the matrix affine primary 
fields of the text. The ordinary transformation matrices Lj(h a ) and W(h a ; T) are the same 
as those given in Eq. (|2.13j) . 

Similarly, the total if -eigenvalue problem and the total extended if -eigenvalue problem 
appear in the notation of the orbifold program as 

^{K) ai hi U\a) b j^ = ^V)/ r) % W AW, E^a) = e'^W) (B.2a) 
W(K; T)J J U\T, <T) p fW = tf(T, *)J™Efi ir »{T, a) (B.2b) 

Efi M a(T,a) = e *M (B.2c) 



57 



f >t( (T ) ffl .n(r)A = tf(a) a n ^(lf<) j u , U ] (T, <x) Q / (r)/i = U\T, a) a N ^(tf) i u (B.2d) 



n(r)fi = n(r)fiu, N(r)fL = N(r)/j,u, 



h(r) _ n(r) | u N(r) _ N(r) 2 ) 



p(a) p(a) 2' R((j) R(a) 2 

where n(r)jl, N(r)/1 are super-indices which label the energies and degeneracies of the total 
eigenvalue problems. The ordinary eigenvector matrices U, U (a) and U (T, cr) are those 
which appear in the text. We mention in particular that p(cr) = 2p(<r) for p(er) odd, 
p(a) = p(a) for p(a) even, and similarly for R(cr). 

In this notation, the total duality transformations in Eqs. ()2.26a|) . ()3.7|) and ()3.18a|) are 
nothing but the standard formulae (HI E3 E3J for the basic duality transformations of the 
orbifold program: 

Gh(r)fi;h{s)v(o~ ) = X( a )n(r)Ax( cr )h(a)yU ((X ^(r)/^^ (c )n(a)i/ W G a j. b j 
Gn(r)nu;n(s)i>v \P] ^^^u Omod 2^n(r)(i;n(s)i/(^) 



(B.3a) 



^ 7 fi(r)A;n(s)i> n(<)5 ( (T ) = X{& )n(r)Ax(°" )n{s)0x(& ) Asfi ((T ^Ma"^ (<7 )h(s)i> bJ 



cK U\a) 



h(t)5 



c 



Sip) 



lr r n{r)n;n{s)v / x 

2°M+«,0mod S-^-^o-) I 17 J 



X fal;bj w V^cK 

n(t)8w / \ r 7-i ( i ) (5 

n(r)fiu;n(s)i/v \y ) "it+u— «;,0 mod 2-' n(r) ^i\n(s)u 1 

= sw 

= %i(r)fiu(T,a) = T n ( r )n(T, ct)t u 

x(0")n(r)A = ^Wn(r)^ T ai = T aPi, G a j. b j = SjjG t 

f cK X X Kf c ral-.bj tJJrad 
/a/:6j - d jj d j /aft > L " = L„ . 



cr 



(B.3b) 



(B.3c) 

(B.3d) 
(B.3e) 

'a/;6J ~~ "/J" J , — " g ■ (B.3f) 

All the duality transformations above are super-index periodic hir) —>n(r)±p(a), N(r)—> 
N(r)±R(a) as a consequence of the separate periodicities ()3.9|) of n(r),N(r) and u. 

As another example, the exact twisted current-current operator product (j3.31|) in open- 
string sector h a of the orientation orbifold takes the super-index form 



J, 



n(r) 

,,(r)f,(z,a)Jn( s )u(w,a) = (^) P<<7) { 



+ 



n(r)/p(a) 



w(z — w) 



1 h(r) [i\h(s)i> 



a) (B.4) 



+ 



Z — W 



}+ : Jh(r)p,(z, cr)jn(s)o(uj, a) : 
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which is recognized as nothing but the exact form of the twisted current-current operator 
product given for space-time orbifolds in Refs. [5} ITS], now with n{r)n — > n{r)(x. Similarly, 
the twist-field conformal weight ()3.36c|) can be written as 

which is the standard form in the orbifold program. 

To check the identity (|B.4J) . one first needs the following relation 



n(r) n(r) I n(r) I n(r) , u _ I n{r) , u I (r> c„\ 

= j/(r, u) - 0(j/(r, u)>l), y(r, u) = g + f (B.6c) 



where |_^J is the floor of x. Here flB.6b|) holds because + | differs from + | by an 
integer and |_s + n\ = |_ X J + n - Then the non-trivial identities 

(7 ) W> [ + 1^] - (7 f "V^SM)) (B.7a) 

^)^ = (^p /(l , „,«,.,„)) (B .7b) 

are verified from (|B.6j) and the definitions of h, f in Eq. IjH.Hlj) . The form of the operator 
product in (|B.4j) follows immediately from (|B.7p . (|3.7|) and ()3.31ajh 

The conformal weight identity ()B.5|) is somewhat more difficult to establish, and the 
reader may find the following steps helpful: 

E^) A '^ r) ^w^^w^ (1 - jg) 

E (l^^^'V)) (^r M r)») * H(r, n) 2 + y(r, u) 



r,fj,,u,u,v 



+2y(r, u)6(y(r, u) > 1) - 20(j/(r, u) > 1)] (B.8a) 
E ^w^'^'Vl^M.-W^^l 1 - ifo «)) fil/fa «) - » (y(r, «) > 1)) . (B.8b) 



Here one uses the identity in (jB.6c|) and the forms in (|B.3|) to obtain Eq. ()B.8a|) . The result 
in Eq. (jB.8b|) agrees with the form (|3.36b|) of the conformal weight given in the text. 
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Finally, the two sets of global Ward identities in Eqs. (|4.24dj) . ()4.24e|) can be combined 
in the super-index notation to read 

n 

A a (T,z,z)J2(^l®K + l®^}) = 0, V// (B.9a) 
i=i 

{ r o,/i} = { r o, ft o} for p(o-) odd, {7^} = {%^ , T p{a)/2)fM;1 } for p(a) even (B.9b) 

because = for the case (^4 = |, w = 1) as well as for the case (n(r) = 0, w = 0). 
The super-index form of the open-string twisted KZ equations is given in Sec. 4.5. 

C Redundancy in the Open-String Twisted KZ Systems 

In the text we asserted that the d and 8 differential equations of WZW orientation orbifold 
theory are redundant under the world-sheet parity transformation (|3.8b|) of the twisted 
affine primary field g, and we sketch here the proof of this statement. 

We begin with the simpler case of the twisted vertex operator equations. The dg 
equation (|3.10b|) is obtained from the dg equation (|3.10aj) by following the steps 

dg(T(T),z,z) = r 3 d w g(T(f),w,wYr 3 \ w ^ (C.la) 

i t 
= nC n ^ Ms)v {a) (: Jn(r)»u(w)g(T(T), w, w)T n{r) ^ u (T) :) r 3 (C.lb) 

u=Q 

1 

= ^"WE ^i(^(^)(^ (rW (f)V3)(r30(r(T)^^)V3): |__ (C.lc) 

1 

= ■ UUz)(r 3 r n{r UTyr 3 )g(T(T), z, z) : (C.ld) 

u=0 

1 

= -<? ;n(s) » E : ^W^Tn^^^T^), f , z) : (C.le) 

M=0 

where the world-sheet parity of g was used in ()C.la[) . and (|3.1l)a|) is used in (jC.lb|) . To 
obtain (RTTej) from ({0331) we used Eqs. (I2~2T1) and (TOcj) . 

Similarly (see Eq. (|4.18|l ). one may use the world-sheet parity (|3.8b|) to derive the 
twisted KZ equations from the di twisted KZ equations, and vice-versa. This demonstration 
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is more involved, and we begin with the proof of Eq. (|4.17|) in the text 

A a (T(T), z, z) = (£(T(T«), z 1; z x ) ■ ■ -g(T(T®), z h z t ) ■ ■ ■ g{T{T^),z n , z n ))* (C.2a) 
= (g(T(TW), z uZl )--- T^g{T{T «), z u ztf T $ ■ ■ ■ $(T(T< B >), z n , z n )) a 

= 4 ) A (7 (T(T'),w,w)J^4 i) (C.2b) 



A a (T(T'),w,w)* = A c {T{T'),w,w) 



T (j)> _ T (i) i _ j ^ j 



(C.2c) 



where superscript is matrix transpose in the ith subspace. This allows us to express 
BiA a in the following form: 



B t A a (T(T) } z } z) = r®d i A ff (T(T , ),w,w)*<.*>T® . 
We will also need the identity 



(C.3) 



d t A„{T{T'),wM*=£l 



n(r)iM\—n(r),v 



a x 



1 r 



x E IE ( | f ' n) /(: '-;- ^ ^ i.(T(rO)^ wW/w (TO-))r_ w(rV ,_ M (rW) 

u=0 j'^i 



• E(- f M) /( ^ ; ^ ^(TQ))^(r(rO),r^ r) ,^(rW) 



5^ 



Zi\ {r ' u) f(zi,Zi,y(r,u)) ~ 



r n(r)Atu (f«)i (7 (r(r / )),T_ n(r) , 1 ,,_ u (f«) 



i(y(r,«) -6(y(r,u) > l))A a (T(T%T n{r)tiU (f «)T_ n(r)il ,,_ u (f «) 



(C.4) 



which follows from the <9jA CT equation in (|4.10ajl and the definition of A* in (|C2c|) . Then 
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using Eq. (jC.4|) in (|C.3|) . we find after some algebra that 



9iA a (T(T), z, z) = r«^i(T(T'), w, w)J^t® 



*E -E f 



«=0 j'^j 



Z{ Zj 



T_„ w ,„,_„(T«>)i„(T(T), z, z)T n{T) ,JT^) 



E 



^.yM) Zi ;y(r,u))~ 



i/(r,u) 



f{zi,Zi;y(r,u))~ 



T_ n(rV ,_ n (T«)i CT (T(T), z, z)T n{r)lM (T®) 



(C.5a) 



r n(r .)^(f = -r n{r)MJ1 (r«), f n(r)MU (f «)*(o = -t n(r)Atu (T«) (c.5b) 

r 3 (i) T n(r)/wl (T«)r 3 (l) = f n(r)AW (T«) (C.5c) 

where we have used f)C.2b|) and Eqs. (|2.21|) . ()A.2c|) in the form (C.5b,c). But combining 
the first and third terms in (jC.5a|) . we see that this result is exactly the BiA a twisted KZ 
equation in ()4.10b|) . 
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